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Abstract 
 
Interior permanent magnet synchronous machines show a good range of behaviours, which 
make these kinds of machines good candidates for an electromechanical energy conversion. 
However, in order to improve their accuracy in their torque responses, the cogging torque and 
torque ripple phenomena should be mitigated to obtain better performance of the machine.   
In order to reduce the cogging torque and torque ripple, control techniques as well as 
geometric parameters of the machine have to be improved. In this thesis, geometric 
parameters such as the use of the fractional slot windings, the improvement of the pole-arc to 
pole-pitch ratio and the dimensions of the stator slots are considered for the better 
minimization of the cogging torque and torque ripple. 
The results are presented to show the performance of the IPMSM with fractional slot windings 
as well as the reduction of the cogging torque and torque ripple. Furthermore, four models of 
IPMSM with fractional and integer slot windings are going to be compared with the aim of the 
attenuation of the cogging torque phenomenon.  
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
  
  
  1 
1. Introduction 
 
In many applications, interior permanent magnet synchronous machines (IPMSM) have been 
chosen to achieve an electromechanical energy conversion. These kinds of machines have 
some advantages over other electrical machines. For example, having the magnets mounted in 
the interior of the rotor makes these machines more compact. IPMSM have higher efficiency 
since they do not have electrical excitation and hence fewer losses in the rotor. In some 
applications IPMSM do not require gear case since there is the control of power electronics, 
which avoid some mechanical losses in the electromechanical conversion [1]. Having the 
magnets mounted inside the rotor generates a difference between the direct and quadrature 
reactances for magnetic path. Therefore a higher saliency ratio is achieved, which allows 
IPMSM to produce additional reluctance torque and hence a high torque density is achieved 
[2]. In addition, they can work in a wide range of speeds since a strong field weakening 
control can be achieved. This operation cuts the increase of the voltage due to the rise of the 
speed and consequently the inverter can be smaller [3]. For IPMSM, the rotation of the 
magnets inside the rotor at high speeds causes the rotor bridges to suffer mechanical stress 
due to the centrifugal forces [4]. This structure can protect the magnets from irreversible 
demagnetization like in case of a sudden short-circuit, which reduces the torque on the 
machine due to the reduction of the remanent magnetic field density [5]. However, having a 
short air-gap contributes to more harmonics that can cross the air-gap. Furthermore, the 
reluctance variation between the magnets of the rotor and the stator teeth is more noticeable 
and phenomena such as cogging torque and torque ripple appear. In many applications both 
cogging torque and torque ripple are important enough to be studied and reduced.  
 
A lot of applications need an accurate response such as tooling machines working in high 
speeds; other applications need the mitigation of the cogging torque when they are in the 
phase of the start-up such as the wind turbines [6]. In addition, many applications are 
interested in the reduction of the cogging torque since it contributes to vibration of the stator 
structure and hence more noise is generated from these machines. It is desirable to reduce the 
cogging torque since it does not contribute to generate work torque and it contributes to 
generate ripple torque, vibrations and acoustic noise [7]. Several techniques are employed to 
reduce the unwanted cogging torque and torque ripple. There are two main groups, the 
solutions that involve geometrical parameters and the ones that are related with control and 
power supply of the machine [8]. In this thesis the aim of reducing cogging torque and torque 
ripple relies on the geometrical construction of the IPMSM. Previous researches tried to 
reduce the cogging torque using optimal pole-pitch to pole-arc ratios [9], different magnet 
design [8], reducing the slop opening width [10], skewing the rotor or stator [9] [11], using 
slotless constructions [12].  
 
In this case, the purpose of the thesis is changing the number of stator slots per pole and 
phase to a fractional number. For that, several calculations are done to design an IPMSM with 
fractional slot windings. The designed model is implemented in JMAG®, which is software for 
a finite element analysis. The implemented model is analysed by using the Maxwell stress 
tensor to calculate the electromagnetic forces in the air-gap, at no-load and load condition of 
the machine, which are the responsible ones of the torque generation and hence the cogging 
torque and torque ripple. This proposed model will be compared with a previous model with 
integer number of stator slots per pole and phase as well as with two other models that 
improves the reduction of the cogging torque; a step-skewed IPMSM and a second model of 
fractional slot windings with a larger value of slots per pole and phase.   
 
 
 
 
 2    
2. Theoretical background  
 
2.1. Synchronous machines 
 
Synchronous machines encompass a large group of electrical machines. The latter are made 
up of three main groups, namely electrical excited synchronous machines, permanent magnet 
synchronous machines and reluctance synchronous machines. Inside each family, different 
types of machines can be found. Both the electrical excited or permanent magnet synchronous 
machines have either saliency or non-saliency ratio, which arises from the difference between 
the direct and quadrature inductances. This saliency ratio can contribute to the generation of 
reluctance torque, which increases the total amount of torque produced by the machine. The 
surface mounted permanent magnet synchronous machine is considered, in principle, non-
saliency due to the long equivalent distance of the air-gap and the small difference between 
inductances due to their quasi equal flux path. In contrary the interior permanent magnet 
synchronous machine is salient pole machine, which produces an additional reluctance torque 
[1]. This will be discussed in section 2.10. 
 
 
Figure 1: Classification of the main different types of synchronous machines with the saliency ratio (Ld/Lq) [1]. 
 
The most common synchronous machine is the slotted stator with three-phase winding, which 
can be built with an electrical excited rotor by coils or an excited rotor by permanent magnets. 
The machines can be either work as a motor or a generator. First operation mode is caused by 
the interaction of the rotor magnetic field and the stator rotating field, which is generated 
from the power supply. The stator field drags the rotor synchronously. When an external force 
drives the rotor together with the rotating rotor field creating an alternating flux linkage in 
the stator winding, this induces a voltage in the stator windings and the second mode is 
achieved [13]. Normally, permanent magnet rotors are preferred over small synchronous 
machines in order to avoid the maintenance and the rotor losses by the electrical excitation, 
thus achieving better efficiencies. In spite of those advantages, for large synchronous 
machines it is preferred to have an electrically excited rotor by a DC current in order to 
regulate any demands of the power factor of the line [13]. In addition, the interior permanent 
magnet synchronous machines (IPMSM) can be directly coupled to the drive or load, thus no 
gear box is required. This avoids maintenance and reduces mechanical losses.  
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2.2. Rotor configurations for permanent magnet synchronous machines (PMSM) 
 
There exist several rotor configurations for the case of synchronous machines excited by 
permanent magnets. The most commonly used configurations are surface permanent magnets 
(SPM) and interior permanent magnets (IPM) types as Figure 2 shows. Interior permanent 
magnets synchronous machines (IPMSM) have the magnets inside the rotor. These 
configurations have the value of the inductance in direct axis Ld smaller than in quadrature 
axis Lq due to the different equivalent air-gap distance 𝐿~1/𝛿equiv [14]. Permanent magnets 
in surface mounted synchronous machines (SPMSM) can be radially or circumferentially 
magnetized. Normally, in SPMSM the difference between direct Ld and quadrature Lq 
inductances is low, which means that almost zero reluctance torque is provided since the 
saliency ratio is almost 1. IPMSM and SPMSM configurations are subjected to partial 
irreversible demagnetization of the magnets as well as mechanical stress due to the 
centrifugal forces of the magnets. 
 
 
 
Figure 2: Location of the permanent magnets on the rotor. a), b) and c) are different configurations of surface 
mounted permanent magnets; d), e) and f) are different configurations of interior permanent magnets; g) interior 
permanent magnets for synchronous reluctance machine [15]. 
 
If a comparison is made between IPMSM and SPMSM machines, IPMSM have more load 
capability over the entire speed range. Furthermore, the maximum torque per ampere technic 
(MTPA) can be used to achieve better efficiency [16] [17]. IPMSM can produce more cogging 
torque due to the smaller air-gap, which contributes to a higher variation of the reluctance 
between the magnets of the rotor and the teeth of the stator. In addition, the magnets are 
sensitive to harmonic losses. SPMSM is easier to manufacturer but is affected by losses in the 
permanent magnets (PM). In order to reduce these PM losses, the magnets can be segmented, 
which reduces the area of the induced eddy currents. This method will reduce the losses and 
it will increase the cost of manufacturing time.  
IPMSM suited for many applications due to high efficiency, high torque density, extended 
speed range and compact structure. For these reasons, IPMSMs are becoming attractive 
candidates in multiple purposes.  
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2.3. Permanent magnet properties 
 
Permanent magnets have its origins from three common earth materials which are Iron (Fe), 
Nickel (Ni) and Cobalt (Co). These three materials need to be with other elements in order to 
increase the coercive field HC. Thus, the most used permanent magnet materials are: AlNiCo, 
Ba-Ferrite and Sa-Ferrite and the rare earth magnets such as SmCo and NdFeB. 
These permanent magnet materials are exposed to an external field H in order to have the 
same direction of magnetization in the whole magnet and also to give the permanent magnet 
a remanence flux density BR. Figure 3 shows a magnetization process of a rare earth 
permanent magnet. The material is exposed to an external field H, which creates an own 
magnetic polarization J to the magnet. When the external field is switched off, the loop 
reaches the remanence magnetic flux density BR [3].  
 
Figure 3: Hysteresis loop curve of the magnetization of a rare earth permanent magnet [3]. 
 
The remanence BR of a permanent magnet is the property that a magnet has of keeping a flux 
density when the external field is removed. The value of this property will be important when 
a machine is going to be designed. Another important property is the coercive field strength 
Hc. This property shows the value of reverse field necessary to drive the magnetization to 
zero. After that moment, if the magnetic field has crossed the knee point, the permanent 
magnet is permanently demagnetized and cannot reach again the original remanence [14].   
There are several cases, which causes permanent demagnetization of the permanent magnets, 
which have to be taken into account. One of them is when the air-gap is increased 
significantly, which make that the operation point of the flux density reaches below the knee 
point and it is irreversibly demagnetized 2.3-1. 
  
 𝐵δ = 𝜇0 · 𝐻δ = −𝜇0 ·
ℎM
𝛿
 · 𝐻M = 𝐵M (2.3-1) 
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where 𝐵δ and 𝐵M are the magnetic flux densities in the air-gap and of the permanent magnet 
respectively, 𝐻δ and 𝐻M are the magnetic field strengths in the air-gap and of the permanent 
magnet respectively, 𝛿 is the length of the air-gap, ℎM is the height of the permanent magnet 
and 𝜇0 is the vacuum permeability, a value of 4π · 10
−7 N/A2. 
At load condition of the machine, the armature field acts against the magnetic field of the 
permanent magnets. In the interaction between both fields, if the armature field is strong 
enough to bring the magnetic field below the knee point, it will cause irreversible 
demagnetization on the magnets as equation 2.3-2 explains [3]. 
 
 
 𝐵δ = 𝜇0 · 𝐻δ = −𝜇0 · (𝐻M − 𝛩/ℎM) ·
ℎM
𝛿
 = 𝐵M (2.3-2) 
 
 
Another problem, that the designers and manufacturers have to think about, is the maximum 
temperature of a permanent magnet working in a steady state. The increase in the 
temperature on magnets makes, that the coercive field decreases and the knee point is 
achieved earlier. Furthermore, the effect of increasing temperature also causes the remanence 
to decreases. Figure 4 illustrates the second quadrant of the B-H curves of a N48M NdFeB 
permanent magnet, when it is exposed to higher temperatures.    
 
 
Figure 4: Second quadrant of the B-H curves of a N48M NdFeB permanent magnet. The graph shows the B-H curves 
for the influence on magnet temperature [14].  
 
At the end, when the designers of the machines are going to select a type of permanent 
magnet, they have to think about different concepts such as remanence, coercivity, 
demagnetization, losses and price. As it can be seen in Figure 5, the rare earth materials show 
higher remanence and coercive field than Ferrites and hence the rare earth materials support 
better the demagnetization effects commented above. In applications where the 
demagnetization is not going to be a problem, the AlNiCo or Ferrites materials can be used 
since they exhibit smaller coercive field strength. The magnet properties and the application, 
where the permanent magnet is going to be used, have to be taken into account since better 
properties of the magnet will increase the price. The BM-HM loop gives an idea of the amount 
of the hysteresis losses that a permanent magnet has. The area of the loop is proportional to 
the amount of losses. For example an NdFeB magnet presents more Foucault losses than a 
Ferrite material.  
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Figure 5: Remanence and coercivity properties comparison between four permanent magnets at 20° [14]. 
 
Once the technical design is done, another problem that can cause demagnetization is the 
sudden short-circuit. When the stator windings have a sudden short-circuit, they induce a 
strong magnetic field, which acts strongly against the magnetic flux of the permanent magnet. 
So when a simulation of the machine in a FE analysis is carried out, a test of a sudden short-
circuit should be done to see how much percentage of the area of the permanent magnet will 
suffer irreversible demagnetization by the high field strength for a given temperature. 
The sudden short-circuit test is done at no-load condition when the three-phase stator 
terminals, which are open, suddenly close at the same time and with the same connection 
point. The worst case is when the voltage phase is crossing the 0 V, which cause maximum DC 
current, to twice the value of the AC amplitude [18]. This high current induces a strong 
magnetic flux that acts against the magnetic flux of the permanent magnet, causing 
irreversible demagnetization. The current of a three-phase short-circuit can be calculated as:  
 
 
 𝐼k =
2 · √2 · 𝑈p,0
√𝑅s2 + (𝜔 · 𝐿k)2
 (2.3-3) 
 
 
where 𝑈p,0 is the induced voltage at no-load condition, 𝑅s is the stator phase resistance, 𝜔 is 
the angular speed and 𝐿k is the inductance of the short-circuit.       
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2.4. Stator windings design 
 
2.4.1. Concentrated and distributed windings 
 
The synchronous machines (SM) can be built with two different stator winding methods, 
distributed or concentrated. Both methods will depend on the combination of the number of 
the slots and poles and each winding has each advantages and disadvantages. For the SM 
built with concentrated windings, they have shorter end coils, which reduce the total ohmic 
losses, the length and the weight of the machine. In addition the torque density increases due 
to a greater fill factor. On the other hand, the machines with distributed windings can achieve 
higher efficiencies and this configuration has less eddy current losses in the permanent 
magnets at high speeds [19] [20].  
 
 
Figure 6: Stator windings with a concentrated stator winding (left) and a distributed stator winding (right) [21]. 
 
A comparison made with a concentrated and a distributed winding IPMSM, working at the 
nominal operation point and at the high speed operational point, shows that the IPMSM with 
a distributed stator winding produces more torque due to higher reluctance torque since there 
is a greater salient ratio (Lq/Ld). Although the distributed winding arrangement has 
significantly higher copper losses, the efficiency is a little bit higher than concentrated 
winding IPMSM due to the high magnetic eddy current losses. These eddy current losses are 
caused by the large harmonic content in the back-mmf distribution, that concentrated winding 
has [19].  
At the end the selection of a concentrated or a distributed stator winding depends of the need 
of the machine. If a high speed operation is needed, a distributed winding would be suitable 
due to less eddy current losses, higher torque production and higher efficiency. If the 
challenge is to have short end coils and the reduction of copper losses or having a compact 
machine, the concentrated winding arrangement would be a beneficial solution.  
 
2.4.2. One and two layer windings 
 
The winding of an electrical machine can be called integer slot winding or fractional slot 
winding depending on the number of slots per pole and phase q of the machine. If q is an 
integer number, it refers to an integer slot winding, if q is a fractional number, it is called 
fractional slot winding. Both cases can have concentrated or distributed windings, as well as 
an arrangement in a one-layer or two layer windings. Having two-layer winding means that in 
each slot, coils of different phases are arranged in two layers, so the coils can be pitched, 
meaning that the coils span W can be smaller than the pole pitch 𝜏p. As literature shows in 
[22] [23], having more than one-layer is useful in order to reduce harmonic components due 
to an elimination of harmonic components in the air-gap flux, which improves the winding 
factor and reduces the harmonic losses. In addition, it can significantly reduce torque ripple, 
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vibrations and noise since there is better balance of magnetic forces, as it has been 
demonstrated in [24]. On the other hand, having more than one-layer winding and a shorter 
coil span than a pole pitch, means that a pitching factor kp is introduced and it decreases the 
flux linkage, which is proportional to torque production. 
 
 
Figure 7: Two slots of a stator with one layer winding (left) and two layers winding (right) [25]. 
 
2.4.3. Arrangement of the stator winding 
 
When the coils are arranged in the stator, a symmetrical placement of the coils should be 
made not to have unwanted forces at load condition. The forces in a symmetrical placement 
can cancel each other; otherwise they can produce more electromagnetic forces in the radial 
direction which contributes to vibration, noise and a reduction of the lifetime of the machine.  
 
 
Figure 8: The winding arrangements of two machines with fractional slot and two layer windning. a) 
unsymmetrical winding distribution, b) symmetrical winding distribution [15]. 
 
Figure 8 shows, at one time, phase A with a peak current of +𝑖 ̂and phases B and C having a 
peak current of -1/2𝑖.̂ In that situation, magnetic forces are generated. In the case of Figure 8 
a), the unsymmetrical phase distribution causes the forces to act only in one side of the stator 
causing a magnetic pull effect. In the case of Figure 8 b) the symmetrical phase distribution 
causes the magnetic forces to cancel each other and thus the stator is not theoretically 
affected by them. For this reason, the symmetrical distribution of the stator windings should 
be considered. Furthermore, different researches agree that the designer should consider 
choosing a fractional number of slots per pole and phase when a machine is designed with 
distributed and two-layer windings to compensate the unbalanced pull effect [15] [26].  
a) b) 
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2.4.4. Calculation of integer and fractional distributed winding 
 
The distribution of the phase windings through the stator slots can be achieved either by 
integer or fractional slot windings. Some formulas and definitions are needed to illustrate the 
vector distribution of the phases. In addition, a vector diagram of the slot voltage can be built 
to get the individual voltage of each phase. The literature shows, that for each case of winding 
configurations, the formulas and definitions can vary. Literature [1] shows how to calculate 
an integer or fractional distributed winding; also [15] demonstrates how to build a vector 
distribution and a voltage vector diagram for fractional slot windings and for the particular 
case of a concentrated winding configuration.  
Later, in this thesis, it will deal with integer and fractional slot distributed winding. For that, 
this section shows how to build the vector distribution of the phases and the diagram of the 
slot voltage for the cases of integer and fractional slot distributed windings. 
 
2.4.4.1 – Integer slot distributed winding  
 
The basic parameters of the machine that are needed for the following calculation, are the 
number of stator slots Q, the number of phases of the machine m, the number of pole pairs p, 
and the number of slots per pole per phase q: 
 
 𝑄 = 2 · 𝑚 · 𝑝 · 𝑞 (2.4-1) 
 
The first thing that is required is the distribution of the slots into the phases, thus the 
sequence of the slots for the phases is achieved. For example; a machine with p = 1, m = 3 
and Q = 12; has the number of slots per pole and phase q = 2, giving a sequence of U+, U+, 
W-, W-, V+, V+, U-, U-, W+, W+, V-, V-. The sequence is drawn as a phasor diagram with 
the angle between two phasors of adjacent slots like: 
 
  𝛼u =
360 · 𝑝
𝑄
 (2.4-2) 
 
Finally the distance between two wound slots is required or in other words, the distance in 
slots from the positive site of the coil to the negative site of it: 
 
 𝑦Q =
𝑄
2𝑝
 (2.4-3) 
 
For the previous example, 𝛼u is 30° and 𝑦Q is 6. Thus the phasor diagram and the voltage 
diagram are drawn as: 
 
 
Figure 9: Integer slot winding distribution. (a) Slot distance between the positive and negative sites of one coil; (b) 
Voltage diagram for each phase (U, V, and W); (c) Phasor diagram of the slots [1]. 
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2.4.4.2 – Fractional slot distributed winding  
 
The calculation of fractional slot machines is separated into two groups, the 1st-grade and the 
2nd-grade windings. In order to know which group should be chosen, the equation 2.4-1 is 
needed in this case and rewritten as the equation 2.4-4: 
 
 𝑞 =
𝑄
2 · 𝑝 · 𝑚
=
𝑧
𝑛
 (2.4-4) 
 
where z and n are the numerator and the denominator of q respectively, reduced to the lowest 
terms. The values of z and n indicate if the calculation will be done with respect to the 1st-
grade or the 2nd-grade group. For the first one, the number of layers does not matter, whereas 
for the second group there are two possibilities, when the winding has one-layer or two-layers 
in the slots. When the denominator n is an odd number the calculations will be done for a 1st-
grade winding and if n is even the winding is a 2nd-grade. The parameters for the design of a 
fractional slot winding are in Table 1. 
 
Table 1: Winding definitions for fractional slot machines [15]. 
 1
st
-grade 2
nd
-grade 2
nd
-grade 
denominator, n odd even even 
T p/n 2p/n 2p/n 
layer one or two one two 
Q* Q/t 2Q/t Q/t 
p* n n n/2 
t* 1 2 1 
 
where t is the number of the electrically equal slot sequences or how many times the phasor 
diagram will be repeated, Q* is the number of vectors per on cycle that the diagram has, p* is 
the number of poles in a base diagram and t* is the number of base diagrams in a stator 
winding. 
In order to build the vector diagram of the phases, two more concepts have to be introduced; 
the distance between two adjacent slots 𝛼u and the distance between two slots 𝛼z: 
 
 𝛼u =
360 · 𝑝∗
𝑄∗
 (2.4-5) 
 
 
 𝛼z =
360 · 𝑡∗
𝑄∗
 (2.4-6) 
 
When the calculations are done, the phasor diagram, which distributes the coils around the 
stator slots for a fractional slot winding, can be drawn.  
 
2.4.5. Winding factor 
 
Having the windings in a distributed configuration makes the magnetic voltage distribution 
more sinusoidal, although this configuration introduces the distributed factor kd, which 
reduces the total induced voltage on each phase. This factor reduces also the higher 
harmonics due to q > 1 and some coils per pole and phase are connected in series [3].  
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The configuration of the windings is important as some factors appear. The pitch factor kp and 
the distribution factor kd will determine the winding factor kw and all of them have their 
amplitude for each harmonic component. The fundamental amplitude value of these factors 
should be as high as possible to increase the flux linkage and therefore the induced voltage. 
The amplitude of the harmonic components should be as low as possible to reduce unwanted 
forces and additional losses caused from them.   
 
 𝑘w = 𝑘p · 𝑘d (2.4-7) 
   
 
The pitch and distribution factors are deduced from the Fourier series and in both cases there 
are differences results depend on integer or fractional slot windings. The periodic 
function 𝑉(𝛾) witch period 2π can be described as equation 2.4-8 from [13]: 
 
 𝑉(𝛾) = 𝑉0 + ∑ [?̂?𝜈,a · cos(𝜈 · 𝛾) + ?̂?𝜈,b · sin(𝜈 · 𝛾)]
∞
𝜈=1,2,3…
 (2.4-8) 
 
 
The individual amplitudes of ordinal number for each harmonic v = 1, 2, 3… are calculated: 
 
 ?̂?𝜈,a =  
1
π
∫ 𝑉(𝛾) · cos(𝜈 · 𝛾) · 𝑑𝛾
2π
0
                ?̂?𝜈,b =  
1
π
∫ 𝑉(𝛾) · sin(𝜈 · 𝛾) · 𝑑𝛾
2π
0
 (2.4-9) 
 
 
and the average value is calculated using: 
 
 ?̂?0 =  
1
2π
∫ 𝑉(𝛾) · 𝑑𝛾
2π
0
 (2.4-10) 
 
 
The circumferential angle 𝛾 is expressed by the circumferential coordinate x and the pole 
pitch 𝜏p: 
 
 𝛾 = 𝑥
π
𝜏p
 (2.4-11) 
 
If a Fourier analysis of the magnetic voltage per phase of a three-phase winding supplied by a 
symmetrical three-phase system is carried out, the result will be such that the multiple 
numbers of the 3rd harmonic component will not appear since the three positive-sequences 
and negative-sequences of the rotating waves cancel each other. Furthermore, using the 
Fourier series, the pitch factor and the distribution factor can be calculated for a given integer 
or fractional slot winding. 
 
2.4.5.1 – Integer slot distributed winding (pitch and distribution factors) 
 
If a Fourier analysis of a function like in Figure 10 is carried out and the circumferential angle 
𝛾 is set to 0, an even function is generated. The result of the Fourier analysis gives the value of 
the magnetic voltage for each ordinal number:   
 
 
 ?̂?c,𝜈 =1,5,7 =  
2
π
∫ 𝑉c(𝛾) · cos(𝜈 · 𝛾) · 𝑑𝛾
π
0
=
𝛩Q
2
·
4
𝑣π
· sin (
𝜈π
2
) (2.4-12) 
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Figure 10: Magnetic voltage calculation from a fully-pitched stator slots winding distribution [13]. 
 
An even function means that only cosine-functions are contained in the Fourier-sum. In 
addition the function is symmetrical to the abscissa which makes that the even ordinal 
numbers are removed.  
In case of a short pitched coil like in Figure 11, the pitch factor will be deduced from the 
Fourier calculation of the magnetic voltage as in equation 2.4-13: 
 
 
 
Figure 11: Magnetic voltage calculation from a short-pitched stator slots winding distribution [13]. 
 
 
 ?̂?c,𝜈 =1,5,7 =  
𝛩Q
π
∫ (cos(𝜈 · 𝛾) − cos(𝜈 · 𝛾 + 𝜈π/2)) · 𝑑𝛾
π·𝑊/(2𝜏p)
0
=
𝛩Q
2
·
4
𝑣π
· sin (
𝑊
𝜏p
·
𝜈π
2
) (2.4-13) 
 
 
When the winding configuration is set up as group of coils q > 1, the distribution factor 
appears as in equation 2.4-14: 
 
 
Figure 12: Magnetic voltage calculation from a fully-pitched stator slots winding distribution with group of coils       
q = 2 [13]. 
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 ?̂?gr,𝜈 =1,5,7 =  
2
π
∫ 𝑉gr(𝛾) · cos(𝜈 · 𝛾) · 𝑑𝛾
π
0
=
𝑞𝛩Q
2
·
4
𝑣π
· sin (
𝑣π
2
) ·
sin (
𝜈π
2𝑚)
𝑞 · sin (
𝜈π
2𝑚𝑞)
 (2.4-14) 
 
In case of a three phases machine with a winding configuration with q = 2 and a short pitch 
of 𝑊/𝜏p = 5/6, the pitch, distribution and winding factors can be calculated for each 
harmonic. The harmonic orders ν are deduced from 𝜈 = 1 + 2𝑚 · 𝑔 since the configuration is 
for integer slot winding, where 𝑔 = 0, ±1, ±2, ±3, …  As it can be seen in Table 2, the winding 
factor calculated from the pitch and distributed factors for each harmonic will give a 
reduction in the amplitudes of each harmonic component. For the fundamental component, 
the magnetic voltage will be almost 7 % reduced, although harmonics such as the 5th or the 
7th will be almost 100 % reduced.  
 
Table 2: Winding factor calculation for a fully-pitched group of coils q = 2. 
harmonic order, ν 𝑘p,𝜈 𝑘d,𝜈 𝑘w,𝜈 
1 0.966 0.966 0.933 
-5 0.259 0.259 0.067 
7 0.259 0.259 0.067 
-11 0.966 0.966 0.933 
13 0.966 0.966 0.933 
-17 0.259 0.259 0.067 
 
 
2.4.5.2 – Fractional slot distributed winding (pitch and distribution factors)  
 
For the case of a fractional slot distributed winding, the expressions of pitch and distribution 
factors also can be analysed from the Fourier series [13].  
The pitch factor 𝑘p,𝜈 results to be the same like in the case on integer slot winding: 
 
 𝑘p,𝜈 = sin (
𝜈 · 𝑊
𝜏𝑝
·
π
2
) (2.4-15) 
 
The distribution factor 𝑘d,𝜈 results to be a complicated equation 2.4-16, which needs some 
explanations of its terms: 
 
 𝑘d,𝜈 =
sin (𝜈 · 𝛼u · 𝑌 · 𝑞1/2) − cos (𝜈 · 𝑝
∗ · π · 𝑌) · sin (𝜈 · 𝛼u · 𝑌 · 𝑞2/2)
(𝑞1 + 𝑞2) · sin (𝜈 · 𝛼u · 𝑌/2)
 (2.4-16) 
 
 
The coefficients q1 and q2 are calculated depending on the number of the stator slots of one 
basic phasor diagram Q*: 
 
 𝑄∗ is even → 𝑞1 = 𝑞2 =
𝑄∗
2𝑚
 (2.4-17) 
 
 
 𝑄∗ is odd → 𝑞1 = 𝑞2 + 1 =
𝑄∗ + 𝑚
2𝑚
 (2.4-18) 
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The parameter Y will be calculated with Q*and p*, which have been explained in Table 1. The 
𝑔min is an integer number and it is the minimum value that makes the Y parameter also 
integer: 
 
 𝑌 =
𝑔min · 𝑄
∗ + 1
𝑝∗
 (2.4-19) 
 
Also the angle between two slots is needed for the calculation of the distribution factor: 
 
 𝛼u =
360 · 𝑝∗
𝑄∗
 (2.4-20) 
 
An examples of fractional slot winding is carried out to calculate the pitch, distribution and 
winding factors. The examples is for q = 3/2 = 1.5. The harmonic orders are calculated for a 
fractional slot winding model with the denominator n as even number, with the expresion 
𝜈 = (2/𝑛) · (1 + 𝑚 · 𝑔), where 𝑔 = 0, ±1, ±2, ±3, …    
 
Table 3: Winding factor calculation for a fractional slot winding q = 1.5 with W/𝜏p = 4/4.5. 
harmonic order, ν 𝑘p,𝜈 𝑘d,𝜈 𝑘w,𝜈 
1 0.9848 0.9567 0.9452 
-2 0.3420 0.1774 0.0607 
4 0.6428 0.2176 0.1398 
-5 0.6428 0.2176 0.1398 
7 0.3420 0.1774 0.0607 
-8 0.9848 0.9567 0.9452 
10 0.9848 0.9567 0.9452 
-11 0.3420 0.1774 0.0607 
13 0.6428 0.2176 0.1398 
-14 0.6428 0.2176 0.1398 
16 0.3420 0.1774 0.0607 
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2.5. Maxwell stress tensor for cogging torque and radial pressure calculation 
 
There are several methods to calculate the electromagnetic forces such as the Maxwell stress 
tensor, the Coenergy method or the Lorentz Force theorem [14]. The choice of method used 
will depend of the problem. In this thesis, the Maxwell stress tensor is going to be used to 
calculate the electromagnetic forces in the air-gap of the motor. This method calculates the 
electromagnetic force, using the magnetic flux density distribution along a circumferential 
coordinate x, in this case the air-gap. From the Lorentz Force law ?⃗? = 𝑞(?⃗? + ?⃗? x ?⃗⃗?) and using 
the four Maxwell equations, the total force that the electromagnetic field produces in a surface 
is given by equation 2.5-1, [14]: 
 
 ?⃗⃗? =  ∬ [
1
𝜇
0
?⃗⃗?(?⃗⃗? · ?⃗⃗?) −
1
2𝜇
0
?⃗⃗?
2
?⃗⃗?] 𝑑𝑆 (2.5-1) 
 
where ?⃗? is the normal vector to the surface S and ?⃗⃗? is the magnetic flux density. The 
electromagnetic force has two force components, the radial and the tangential forces 
expressed in equations 2.5-2 and 2.6-3 respectively: 
 
 𝐹r =  
𝑙Fe
2𝜇0
∫[𝐵r
2 − 𝐵t
2]𝑑𝑥 (2.5-2) 
 
 
 𝐹t =  
𝑙Fe
𝜇0
∫[𝐵r𝐵t]𝑑𝑥 (2.5-3) 
 
where 𝑙Fe is the iron stack length, 𝐵r is the normal or radial component of the magnetic flux 
density in the air-gap and 𝐵t is the tangential component of the magnetic flux density in the 
air-gap.  
The torque is calculated by multiplying the tangential force of the magnetic flux density 2.5-3 
and for the radius where the Maxwell stress tensor is applied. In this case, it is applied in the 
middle of the air-gap with a radius r. If the radial and tangential components of the magnetic 
flux are chosen for the no-load condition, the cogging torque will be calculated. Furthermore, 
the torque can be expressed with the circumferential angle 𝛾, since x= 𝛾 · 𝑟, as equation 2.5-4: 
 
 𝑀 =  
𝑙Fe
𝜇0
𝑟2 ∫ [𝐵r(𝛾)𝐵t(𝛾)]𝑑𝛾
2π
0
 (2.5-4) 
 
It has been demonstrated that the electromagnetic forces are the main sources of vibration 
and acoustic noise in electrical motors. Since cogging torque and torque ripple are 
electromagnetic forces, the reduction of both parameters will improve the reduction of 
vibration and noise of the motor [7]. When Maxwell stress tensor is applied to the air-gap, the 
radial electromagnetic force 𝐹r can be calculated, which is the main component that makes 
the stator core vibrates. Therefore, the radial pressure caused by the radial electromagnetic 
force acting on the structure per unit area is given by 2.5-5: 
 
      
 𝑝r(𝛾, 𝑡) ≈
𝐹r
𝑙Fe𝑥
=
[𝐵r
2(𝛾, 𝑡) − 𝐵t
2(𝛾, 𝑡)]
2𝜇0
 (2.5-5) 
 
 
In equation 2.5-5 the tangential component of the magnetic flux density can be neglected due 
to the magnetic flux lines are nearly perpendicular to the stator and rotor cores. 
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2.6. Cogging torque 
 
The cogging torque, which appears at no-load condition of the machine, is generated due to 
the interaction between the field of permanent magnets and the stator slots. The field of 
permanent magnets generates a tangential force on the stator teeth, as can be seen in Figure 
13. This force tries to find an equilibrium position since there are slots and teeth on the stator, 
causing a variation of the reluctance, which produces a periodicity of the cogging torque [8]. 
A simplified equation of cogging torque is given in 2.6-1, where 𝛷δ is the magnetic flux 
crossing the air-gap, ℛ is the reluctance through which the flux passes and 𝛾 is the 
circumferential angle or rotor position [27]. 
 
 𝑀cog =
1
2
· 𝛷δ
2 ·
𝑑ℛ
𝑑𝛾
 (2.6-1) 
 
 
 
Figure 13: Interaction of the magnetic field of the permanent magnets with the stator teeth [3]. 
 
Cogging torque produces zero net-work and it should be mitigated to cause fewer 
disturbances on the electromagnetic torque. The percentage of cogging torque can be 
calculated with the maximum and minimum cogging torque values and the nominal torque 
MN as [3]: 
 
 ?̂?M =
?̂?cog
𝑀N
≅
(𝑀max − 𝑀min)/2
(𝑀max + 𝑀min)/2
· 100 (2.6-2) 
 
   
The periodicity of the cogging torque 𝑁period during a rotation of a slot pitch 𝜏Q can be 
calculated with equation 2.6-3 since it depends on the number of stator slots and poles [28]. 
With this expression, a comparison of the periodicity of the cogging torque between two 
motors can be achieved,  
 
 𝑁period =
2𝑝
GCD {𝑄, 2𝑝}
 (2.6-3) 
   
where Q is the number of stator slots and p the number of pole pairs. 
 
When the values of 𝑁period are low, it means that the positive and negative elementary 
torques happen at the same time. Both waves superimpose onto each other giving a high 
cogging torque. So in the case of higher 𝑁period the amplitude of cogging torque will be lower. 
Furthermore, it has been studied that a higher GCD increases the cogging torque amplitude 
and at the same time increases the radial forces since they are not well balanced and that 
increases the electromagnetic noise produced for the motor [24]. So the designer has to 
decide on a compromise between the number of stator slots and the rotor poles. 
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The mechanical angle corresponding to each cogging torque period, which could mitigate the 
cogging torque, is a skew angle 𝛾skew given by [28]: 
 
 𝛾skew =
2π
𝑁period · 𝑄
 (2.6-4) 
 
   
2.7. Torque ripple 
 
The torque ripple appears in the load condition and it is undesirable due to cause vibration in 
the load response. The three main contributions to torque ripple are the electromagnetic 
torque which generates the work torque, the reluctance torque which appears due to the 
saliency and the cogging torque. The first contribution is caused by the distortion of the 
magnetic flux density distribution in the air-gap or the distortion in the stator current. The 
second contribution is more notable in machines which have higher saliency ratio and it 
further explains why the IPMSM can show more cogging torque and torque ripple than 
SPMSM. The third contribution arises from the interaction between the magnetic field of 
permanent magnets and the slotted iron stator structure [11]. 
 
The torque ripple can be defined as a percentage of the average torque: 
 
 
 ?̂?M =
?̂?rip
𝑀av
≅
(𝑀max − 𝑀min)/2
(𝑀max + 𝑀min)/2
· 100       
(2.7-1) 
 
 
 
 
Figure 14: Calculation of the torque ripple from a time-graph at load condition. 
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2.8. Minimization of cogging torque and torque ripple 
 
The cogging torque and torque ripple can be minimized by two different ways. The first one is 
related with improvements in the geometry of motor and the second one is related with 
control technics of the motor. This thesis will focus in geometric parameters since a proper 
design of the machine will smoothen the cogging torque and the torque ripple. Geometric 
parameters can be improved such as, skewing the rotor or stator, variation of slot opening, 
especial shapes of slots, a proper slot-pole number combination, using fractional slot 
windings, designs with odd number of slots per pole and phase, variation of the magnet 
width, magnets mounted in V-shape configurations, pole-arc to pole-pitch ratio optimization, 
creating flux barriers in the rotor or slotless configurations. 
Next, some of the most relevant design methods and the ones that are going to be used in the 
simulation analysis are explained.  
 
2.8.1. Steeped and skewed rotor 
 
Steeping and skewing the rotor are probably the most effective design methods to reduce the 
cogging torque. However, the manufacturing cost and time of this method is high. For a rotor 
of an asynchronous machine or a SPMSM, skewing of the rotor is a common technique; on the 
other hand for an IPMSM the rotor has to be step-skewed since the magnets are placed inside 
of the rotor [9]. In order to eliminate the cogging toque the skew angle 𝛾skew 2.6-3 should be 
equal to the period of the fundamental spatial harmonic of the cogging torque. Skewing either 
the rotor or the stator can improve the back-emf waveform, although it can produce more 
stray losses and increases the leakage inductance [9]. Skewing the stator reduces the effective 
slot area, increases the conductor length and the winding installation becomes more 
complicated [29].   
 
 
Figure 15: Step-skewed rotor in three steps (C1, C2, and C3) [30]. 
 
2.8.2. Shape of stator slots and slot opening 
 
It was demonstrated that the smaller the slot opening, the less harmonic components appear 
in the back-emf and the cogging torque is reduced. In addition, it has been proven that a 
significant reduction of slot opening causes an increment of Ld, which reduces the saliency 
ratio and the reluctance torque [9].  
If the number of notches per stator tooth is introduced like in Figure 16 (a), some harmonics 
can be cancelled, reducing the amplitude of the cogging torque. On the other hand, this 
method produces more reluctance variation due to the notches, which contributes to a greater 
cogging torque fundamental frequency [9]. 
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Closed slots like in Figure 16 (c) can be a great solution since there is a better flux path 
through the stator teeth, however not all winding configurations allow for closed stator slots 
[14]. Building empty teeth like in Figure 16 (b) between slots will produce an increment of 
cogging torque if the opening of the slots is too big. Furthermore, it will produce an 
unacceptable increasing in the slot leakage and a high saturation due to the thickness of the 
bridge. 
 
 
Figure 16: Different stator slots shapes for the minimization of the cogging torque: (a) notched teeth, (b) empty 
teeth, (c) closed slots, (d) teeth with different width on the active surface [14]. 
 
2.8.3. Pole-arc to pole-pitch ratio optimization 
 
It has been proved that a suitable pole-arc to pole-pitch ratio reduces the cogging torque [31]. 
However, the same ratio may not be the appropriated one for reducing the torque ripple. 
Furthermore, the same ratio can reduces cogging torque and increase the torque ripple. This 
technique is applicable in SPMSM as well as in IPMSM [31]. In IPMSM with V-shape 
configuration, the pole arc can be achieved with the magnet length variation or changing the 
angle between magnets 𝛼M. The variation of this angle is important because the pole-arc can 
be varied without changing the total amount of magnetic material, which contributes to build 
the magnetic flux density in the air-gap. This method is very economic and there are no 
increments in cost or time manufacturing process. 
 
 
 
Figure 17: Pole-pitch to pole-arc coefficient in IPMSM for the reduction of cogging torque [31]. 
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2.8.4. Slotless construction 
 
Since the cogging torque is generated by the interaction between the magnetic field from the 
rotor and the stator slots, the slotless stator configuration contributes to reduce the cogging 
torque. 
  
 
Figure 18: Two brushless motors with a slotted configuration (left) and a slotless configuration (right) [32]. 
 
This configuration can be suitable adopted for application where the motor has to be very 
small and there is no space for winding the coils around stator slots. Furthermore, not having 
stator slots makes the design more compact, more lightweight, produces a reduction of the 
iron losses through the stator iron structure and it can be achieved a better cooling for 
windings due to the large air-gap [33]. Having a large air-gap in slotless structures makes the 
reluctance in the air-gap higher and it reduces the magnetic flux, which will report a 
reduction of the electromagnetic torque in comparison with an IPMSM [12]. In order to 
increase the magnetic flux, larger amount of rare earth magnets should be used making an 
expensive construction and taking the risk of stator saturation. Furthermore, the armature 
inductance decreases causing an increment of the losses in case of PWM control and 
decrements the difference between Lq and Ld, thus few reluctance torque is generated. 
 
2.8.5. Fractional number of stator slots per pole and phase 
 
The fact that choosing a configuration of the machine with a fractional number of stator slots 
per pole and phase means that the stator teeth and the rotor poles are not fully aligned with 
each other and this produces a partial cancellation of harmonics. Thus, the cogging torque 
amplitude decreases at the same time whereas the frequency increases [34]. At the same time 
when some harmonics cancel each other for a fractional slot winding machine, the magnetic 
flux distribution wave is not symmetrical to the x-axis anymore and that will make that even 
harmonics appear in the magnetic flux distribution. Those harmonics cause more oscillations, 
which can increase the torque ripple and the vibrations of the machine contributing to sound 
and electromagnetic noise [3].     
When the selection of the fractional slot winding number q is done, it could be a coincidence 
that the number of the stator slots Q is an odd number, since 𝑄 = 2 · 𝑝 · 𝑚 · 𝑞. In that case if 
the design of a machine is made with an odd number of stator slots, each magnet sees a 
fractional number of slots and the magnetic field that contributes to the generation of cogging 
torque is placed out of phase [34], [35]. Thus, the overall cogging torque can be reduced 
since several harmonics cancel each other.  
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The fact that using fractional number of stator slots per pole and phase, causes that the main 
harmonic orders of the magnetic flux from the rotor that contributes to generate cogging 
torque, are higher in fractional slot winding machines than in integer slot winding machines. 
Thus, the amplitude of these harmonics will be lower, giving a reduction of cogging torque. 
The explanation of that phenomenon can be deduced since 𝑀cog~𝐵1 · 𝐵𝜇 · 𝜆𝑙, where the 
magnetic flux of the rotor for a harmonic number 𝐵𝜇 is inversely proportional to the rotor 
harmonic order 𝜇  and the value of the permeance  𝜆𝑙 is also inversely proportional to the 
parameter l. Hence, using fractional slot windings is the main reason of this thesis to reduce 
the cogging torque. 
In order to calculate the harmonic components which cause cogging torque, an analytical 
calculation can be done from the electromagnetic torque equation that the machine produces 
[13]: 
 
 𝑀e,𝜈,𝜇 =
𝑑si
2 · 𝑙Fe
4
· ∫ ?̂?𝜈
2π
0
· sin (𝜈𝑝 · 𝛾m − 𝜔𝜈𝑡) · ?̂?𝜇 · cos (𝜇𝑝 · 𝛾m − 𝜔𝜇𝑡) · 𝑑𝛾m (2.8-1) 
 
From equation 2.8-1 the cogging torque can be deduced if the current loading component at 
load condition ?̂?𝜈 is changed with the equivalent current loading components at no-load 
condition. The equivalent current loading is deduced from the radial component of the 
magnetic flux density of the air-gap 𝐵δ that appears in the stator slots. 
At no-load condition,  𝐵δ is function of the radial component of the magnetic flux from the 
permanent magnets 𝐵r and the permeance coefficient 𝜆, which takes into account the Carter´s 
coefficient 𝑘C for the slot opening effect. All the parameters are expressed by the 
circumferential mechanical angle 𝛾m = (π · 𝑥)/(𝑝 · 𝜏p). 
 
 𝐵δ(𝛾m) = 𝐵M(𝛾m) · 𝜆(𝛾m) (2.8-2) 
 
If the expressions of the magnetic flux from the permanent magnets and the permeance 
coefficient from [13] are replaced in the equation 2.8-2, the resulting air-gap magnetic flux 
density due to the sum of the harmonic components is: 
 
 𝐵δ(𝛾m) = ∑ ?̂?𝜇
∞
𝜇=1,3,5…
· cos(𝜇𝑝(𝛾m − 𝛺m𝑡)) · (
1
𝑘C
+ ∑ 𝜆𝑙
∞
𝑙=1,2…
· cos(𝑙 · 𝑄 · 𝛾m)) (2.8-3) 
 
where ?̂?𝜇 is the peak value of the magnetic flux for a rotor harmonic 𝜇, 𝛺m is the mechanical 
angular speed, l is an integer number (1, 2, 3…) and Q is the number of stator slots. When 
the equation 2.8-3 is reorganized and considered for the fundamental component ?̂?1, the 
slotting effect part of the magnetic flux density can be calculated as:   
 
 𝐵~(𝛾m) =
?̂?1
2
· ∑ 𝜆𝑙
∞
𝑙=1,2…
· cos(𝛾m(𝑝 + 𝑄 · 𝑙) − 𝑝𝛺m𝑡) +
?̂?1
2
· ∑ 𝜆𝑙
∞
𝑙=1,2…
· cos(𝛾m(𝑝 − 𝑄 · 𝑙) − 𝑝𝛺m𝑡) (2.8-4) 
 
The slotting effect part of the magnetic flux density 𝐵~(𝛾m) can be used to obtain the 
equivalent current loading components at no-load condition, by using the method of the 
equivalent current loading. The equivalent current loading will be the superposition of two 
components 𝐴𝑙+(𝛾m) and 𝐴𝑙−(𝛾m). These two components are derived from 𝐵~(𝛾m) since the 
magnetomotive force (mmf) can be deduced from the magnetic flux density as 𝐵δ = 𝜇0 · 𝑉/𝛿 
and the current loading is hence 𝐴(𝑥) = 𝑑𝑉/𝑑𝑥. Thus, the two components of the current 
loading that derives from 𝐵~(𝛾m) are: 
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 𝐴𝑙+(𝛾m) = −
𝛿 · ?̂?1 · π
2 · 𝜇0 · 𝑝 · 𝜏p
· ∑ 𝜆𝑙
∞
𝑙=1,2…
· (𝑝 + 𝑄 · 𝑙) · sin (𝛾m(𝑝 + 𝑄 · 𝑙) − 𝑝𝛺m𝑡) (2.8-5) 
 
 
𝐴𝑙−(𝛾m) = −
𝛿 · ?̂?1 · π
2 · 𝜇0 · 𝑝 · 𝜏p
· ∑ 𝜆𝑙
∞
𝑙=1,2…
· (𝑝 − 𝑄 · 𝑙) · sin (𝛾m(𝑝 − 𝑄 · 𝑙) − 𝑝𝛺m𝑡) 
 
(2.8-6) 
When the equivalent current loading is changed to the current loading of equation 2.8-1, the 
amplitude of the cogging torque 𝑀cog,𝑙,𝜇 depends on the fundamental component of the 
magnetic flux  ?̂?1 and the permeance parameter  𝜆l from the equivalent current loading, the 
magnetic flux from the rotor ?̂?𝜇 and the constructive parameters such as the iron stack length 
𝑙Fe and the inner stator diameter 𝑑si. The argument of the cogging torque will depend on the 
term 𝜇𝑝 from the argument part of the ?̂?𝜇 and it will depend on the term 𝑝 ± 𝑄 · 𝑙, which 
comes from the argument part of the equivalent current loading. In this situation, the 
generation of cogging torque only is possible if the terms 𝑝 ± 𝑄 · 𝑙 and 𝜇𝑝 are the same. For 
that, two different cases can be seen to calculate the rotor harmonic orders 𝜇 that contribute 
to the generation of the cogging torque: 
 
 𝜇 = 1 + 𝑙 · 𝑄/𝑝 (2.8-7) 
 
 𝜇 = 1 − 𝑙 · 𝑄/𝑝 (2.8-8) 
                 
Since 𝜇 is an odd and integer number (1, 3, 5…) and 𝑙 is an integer number (1, 2, 3…), they 
can be defined as 𝜇 = 2𝑘 + 1 and 𝑙 = 2𝑘 · 𝑝/𝑄. The term k is also an integer number (1, 2, 
3…). Finally, the frequency of the cogging torque harmonics 𝜔𝑙 that will appear in the 
cogging torque Fourier analysis can be calculated with the term 𝑙, the number of stator slots 𝑄 
and the electrical angular speed 𝜔e: 
 
 𝜔𝑙 = 𝑙 · 𝑄 · 𝜔e/𝑝 (2.8-9) 
 
Table 4 shows the first rotor harmonic orders, of three machines, which contribute to the 
generation of cogging torque. The first model is a motor with integer slot winding with q = 2 
and the second and third models have fractional slot winding with q = 1.5 and q = 2.5. It can 
be seen that the most relevant harmonic orders for the fractional slot winding configurations 
are higher than the most relevant harmonic orders of the integer slots winding model. Thus, 
the amplitude of the cogging torque is smaller in the case of fractional slot winding models 
since 𝑀cog,𝑙,𝜇~?̂?𝜇 and ?̂?𝜇~1/𝜇. Furthermore, the increase of the number of the stator slots for 
the configurations of the fractional slot winding causes a significant reduction on the 
amplitude of the cogging torque.  
 
Table 4: The first rotor harmonic orders, which contribute to the cogging torque generation for integer and 
fractional slot winding machines. 
Model k l 
 rotor harmonic     
order, 𝜇  
q = 2 6 1 11, 13 
q = 1.5 9 2 17, 19 
q = 2.5 15 2 29, 31 
 
This method, using fractional slot windings, improves the cogging torque and torque ripple 
reduction with a few changes in manufacturing process and without increases in cost. It is a 
good candidate to substitute the skewing or step-skewing methods, which are quite expensive 
[35].  
  
  
  23 
2.9. Vibrations and electromagnetic noise in PMSM 
 
Many researches attribute the cogging torque and the torque ripple to be the main reasons of 
the vibrations and hence the electromagnetic noise of the PMSM [9], [11], [36]. Although, it 
is true that both phenomena contributes to the vibration of the stator structure, it has been 
proved that the main cause of the vibrations is the radial component of the electromagnetic 
force created for the magnetic flux density in the air-gap [7]. The radial and tangential 
components of the electromagnetic forces can be calculated, by using the Maxwell stress 
tensor.  
In order to calculate the vibration and the sound of the motor, the radial component of the 
electromagnetic force is set up as radial pressure in order to have the force per unit area at 
any point of the air-gap in equation 2.9-1. 
 
 
 𝑝r(𝛾, 𝑡) ≈
𝐹r
𝑙Fe · 𝑥
=
[𝐵r
2(𝛾, 𝑡) − 𝐵t
2(𝛾, 𝑡)]
2 · 𝜇0
 (2.9-1) 
 
 
The internal radial pressure caused by the electromagnetic forces makes that the stator 
structure suffers deformation. However, the radial forces appear depending on the 
combination between the poles and the slots of the machine. The vibration and noise of a 
PMSM can be predicted starting with the calculation of the internal radial pressure from a 
function of the rotor angle 𝛾, and then a fast Fourier transform (FFT) of the function is carried 
out to see the amplitude contribution of each harmonic of the radial pressure. In the Fourier 
analysis, there is one harmonic component which has the biggest amplitude and hence it is 
used to calculate the deformation or the displacement, which stator structure suffers. This 
displacement x can be calculated by FEA and analytically by using the harmonic order and its 
amplitude, the inner and outer radius of the stator and some parameters of the material of the 
stator core such as the Poisson´s ratio and the Young´s modulus [7]. The sound power 𝑃s that 
a machine will emit is expressed in equation 2.9-2 and it is function of the displacement x, the 
exitation frequency of the stator 𝑓exc, the geometric parameters such as iron stack length 𝑙Fe 
and outer stator radius 𝑟so, the relative sound intensity 𝜎rel, the traveling speed of sound in the 
medium 𝑐 and the air density 𝜌 [7].   
 
 
 𝑃s = 4 · 𝜎rel · 𝜌 · 𝑐 · π
3 · 𝑓exc
2 · 𝑥2 · 𝑟so · 𝑙Fe (2.9-2) 
 
 
Finally, the noise that the machine emits 𝐿w is calculated from power sound to decibels using 
the sound power level reference 𝑃s,ref of 10
-12 W. 
 
 
 𝐿w = 10 · log (
2 · 𝑃s
𝑃s,ref
) (2.9-3) 
 
 
An approximated estimation of the vibration and noise between two machines can be 
achieved from the calculation of the internal radial pressure, since the noise is proportional to 
the sound power 𝐿w~𝑃s, which is proportional to the displacement 𝑃s~𝑥 and this is 
proportional to the radial pressure 𝑥~𝑝r.   
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2.10. Torque production and maximum torque per ampere (MTPA) technic  
 
For the control of the motor, the abc reference frame of the balanced 3-phase system can be 
transformed to a dq reference frame by using the Park transformation, as the Figure 19 shows. 
The abc reference can be represented in a stationary two-phase reference frame or also called 
the 𝛼𝛽 stator reference frame. If the 𝛼𝛽 reference rotates at the same frequency as the three-
phase reference, the projections will become constant. Thus, the three-phase AC values will be 
converted into two DC quantities, the dq rotor reference frame. These references are the 
“direct” and “quadrature” axes, which has the reference of the rotor position 𝜃 [23].   
 
 
Figure 19: Park transformation from a three-phase reference frame to a dq reference frame [37]. 
 
When the dq reference frame is achieved, the control of the motor becomes easier since the 
values of the stator currents, back-emf and voltages become DC quantities. Thus, the 
equations that will be used to explain the generated torque can be deduced from the motor 
model in dq reference frame in Figure 20.  
 
 
Figure 20: Motor model of a PMSM in dq reference frame. 
 
 [
𝑈q
𝑈d
] = [
𝑅 + 𝐿q
𝑑
𝑑𝑡
𝜔𝐿d
−𝜔𝐿q 𝑅 + 𝐿d
𝑑
𝑑𝑡
] · [
𝐼q
𝐼d
] + [
𝜔𝜓PM
√2
0
] (2.10-1) 
 
 
When the voltage formulas in the dq reference frame are known, the generated torque from 
the machine can be deduced from the electrical power equation 2.10-2: 
 
 
 𝑃el = 𝑚 · 𝑈s · 𝐼s · cos(𝜑s) = 𝑚 · Re{𝑈s𝐼s
∗} = 𝑚 · (𝑈q𝐼q +  𝑈d𝐼d) (2.10-2) 
   
   
Ud Uq 
 R           Lq                 𝜔 ·Ld· Id 
      
 Id  Iq 
 R           Ld                 𝜔 ·Lq· Iq 
      
𝜔 · 𝜓PM 
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With the supposition of no losses the electrical power can be set equal to the mechanical 
power, then: 
 
 
𝑀e =
𝑃m
𝜔syn
 (2.10-3) 
 
 
 
𝑀e = 𝑚 · 𝑝 · (
𝜓PM
√2
· 𝐼q + (𝐿d − 𝐿q) · 𝐼d𝐼q) (2.10-4) 
 
The equation 2.10-4 shows the torque generated by a PMSM. The torque arises from two 
components. The first one is the magnetic torque which is generated by the interaction 
between the permanent magnetic flux and the armature winding flux: 
 
  
 
𝑀magnetic = 𝑚 · 𝑝 ·
𝜓PM
√2
· 𝐼q (2.10-5) 
 
 
And the second component is generated by the saliency ratio which is the so called reluctance 
torque: 
 
 
 𝑀reluctance = 𝑚 · 𝑝 · (𝐿d − 𝐿q) · 𝐼d𝐼q (2.10-6) 
 
 
From the reluctance part of the generated torque another concept is introduced for PMSM, 
the saliency ratio. For a SPMSM like Figure 21, the flux path crossing the magnets for any 
position of rotor is always the same. Thus, there is no difference between the inductances for 
d and q axes. Thus, the generated torque for a SPMSM calculated with the equation 2.10-4, it 
will show that the reluctance part is zero. If the same flux path is built for an IPMSM like 
Figure 22, it can be seen that for different rotor positons the value of the inductances vary in 
d-axis and q-axis. Furthermore, the notable difference between the inductances in both axes 
will contribute to generate the reluctance torque. In case of Figure 22 (b) the inductance is 
very low since the magnets have more reluctance than the iron stack, and the opposite 
happens with the Figure 22 (a) [2].  
 
 
 
Figure 21: Flux path of a SPMSM. (a) q-axis flux path and (b) d-axis flux path [2]. 
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Figure 22: Flux path of an IPMSM. (a) q-axis flux path and (b) d-axis flux path [2]. 
 
In Figure 22 the inductance in d-axis (a) is lower than the inductance in q-axis (b). If a 
positive Id current is introduced, the reluctance torque will be negative and the total amount 
of generated torque will be lower than expected. Thus, a negative Id current should be 
introduced to generate positive reluctance torque. The motor control introduce the negative Id 
current with the variation of the current phase angle 𝛽, which is a negative angle between Is 
and the q-axis. In an IPMSM, there are a lot of combinations between the negative d current 
and the q current that gives the same amount of torque. As literature shows in [2], for a fix 
torque there is a combination of d and q currents that gives the lesser stator current Is. Since 
the copper losses increase with squared of current, the low value of current Is will be desired. 
Since current and torque are proportional, the same explanation can be used to explain what 
happen for a given and fix stator current. The total amount of output torque will vary with a 
fix current Is and the control technique that tries to look for the highest output torque varying 
the current phase angle 𝛽 for a given current is the so called maximum torque per ampere 
(MTPA). 
 
Figure 23: For a given torque there is a combination of currents Id and Iq, which is the lowest value to minimize the 
copper losses [2]. 
(a) 
(b) 
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2.11. Flux weakening operation 
 
Many applications need to work with a wide range of speeds such as an electrical vehicle, a 
tooling machine with a high cutting speed and a constant power at the same time or a 
washing machine with several speed programmes. Permanent magnet synchronous machines 
allow for work requiring a wide speed range. However, a flux weakening operation has to be 
implemented when high speeds are achieved in order not to exceed the maximum voltage of 
the inverter and damage it, since the voltage is proportional to speed and magnetic flux 
𝑈p~𝛹PM · 𝑛 [3] [38]. 
 
Figure 24: Variables (stator voltage, power, torque, and back-emf) of a PMSM with the increase of speed [3]. 
 
Flux weakening operation means that a negative d current has to be introduced to weaken the 
magnetic flux and hence to stop the voltage rise, if high speeds are achieved. The negative d 
current makes that the magnetic field of the stator acts against the magnetic field of the 
magnets. In addition a voltage drop at the stator reactance is introduced 𝑗𝑋d · (−𝐼d) and high 
speeds can be reached as it is showed in Figure 25.  
 
 
Figure 25: Phasor diagram of a PMSM working in the flux weakening operation. 
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2.12. Mechanical stress in iron bridges 
 
The utilization of gearless directly coupled high-speed machines such as IPMSM has a lot of 
benefits like reduction of noise, avoid the maintenance of gear, no gear losses, the nonelectric 
excitation decreases the rotor losses and small and compact motors can be achieved. However 
the utilization of high-speed makes the manufacturer think about new mechanical problems 
such as the mechanical stress in the iron bridges. When an IPMSM is rotating, the iron bridge 
between the magnet and the rotor edge has to support the stress caused by the centrifugal 
forces, thus a FEA should be done to guarantee that the bridge will not break due to the 
centrifugal forces. Additionally, an approximate analytical calculation of the mechanical stress 
for the rotor structure of IPMSM can be done. For that, an equivalent ring is created with an 
equivalent mass density 𝜌equiv [4]. The equivalent ring carries the centrifugal forces that the 
area of the magnets 𝐴M and the area of iron sheets 𝐴Fe act on the bridge. 
 
 𝜌Fe · 𝐴Fe · 𝑙Fe + 𝜌M · 𝐴M · 𝑙Fe = 𝜌equiv · 𝐴equiv · 𝑙Fe (2.12-1) 
   
 
 𝜌equiv =
𝜌Fe · 𝐴Fe +  𝜌M · 𝐴M
𝐴equiv
 (2.12-2) 
 
 
Figure 26: IPMSM with buried V-shape magnets. The parameters for the mechanical stress calculations are drawn. 
The red area is the equivalent area Aequiv, the blue areas are the magnets AM and the green one is the iron area AFe 
considered for the calculation. 
 
With the inner and outer radii of the equivalent ring, the equivalent mass density and the 
rotation speed, the equivalent tangential stress inside of the equivalent ring can be 
determined as: 
 
 
 𝜎t,equiv = (
𝑟equiv,o + 𝑟equiv,i
2
)
2
· 𝜔overspeed
2 · 𝜌equiv (2.12-3) 
 
 
As the equivalent tangential stress does not pay attention to the stress at the magnet edges, 
where is located the maximum stress, a factor of 2 should be considered on the calculation of 
the tangential stress.  
 
 𝜎t,max = 2 · 𝜎t,equiv (2.12-4) 
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The tangential stress inside the iron bridges has to be compared to the stress that the iron 
sheets material can support before the material starts breaking after a plastic deformation. 
Thus, some concepts of mechanical stress from materials are explained with the help of Figure 
27. The yield strength Re is the limit stress that a material supports before starts a plastic 
deformation. The yield strength Rp, 0.2% is a limit stress that if the material does not exceed it, 
it can go back to initial state. In contrary case, the material remains with a plastic 
deformation. The ultimate tensile strength or tensile strength Rm is the point that the material 
starts breaking.    
 
Figure 27: Schematic stress/strain curve for a material with the yield strength Re, the 0.2%-yield strength Rp, 0.2% and 
the tensile strength Rm points [39]. 
 
In order to know the life time of a material, a fatigue stress test is carried out to know for a 
specific stress S how many cycles N the material will remain into the no breaking condition. 
From the Figure 28 it can be seen a typical S-N curve, which is drawn with a logarithmic scale 
in the x-axis. The points corresponding to a specific stress and specific number of cycles that 
are above the S´f curve break for fatigue and below the same curve the material is not 
breaking.  
 
Figure 28: S-N curve for the fatigue properties of a given material [40]. 
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2.13. Losses calculations 
 
When an electrical machine is at load condition, there is a difference between the input power 
and the output power, which are the losses. An electrical motor has several losses such as 
eddy current and hysteresis losses in iron sheets, ohmic losses in stator windings, friction 
losses in the air-gap and bearings, losses in the rotor magnets due to space harmonics in the 
back-mmf, losses due to the inverter supply, losses in the stator windings due to the current 
displacement effect and other additional losses which are normally smaller than the previous 
commented [18], [23]. In this thesis, the losses which will be considered are the ohmic losses 
with the current displacement effect due to the high currents and the iron and friction losses 
due to high rotating speeds. 
  
2.13.1. Ohmic losses 
 
For an IPMSM the ohmic losses arise from the stator windings. The ohmic losses are 
proportional to the square of the phase current Is and proportional to the resistance per phase 
Rs of the windings. Thus the ohmic losses can be calculated, without taking into account any 
current displacement effect, with equation 2.13-1. 
 
 𝑃Cu,dc = 3 · 𝑅s · 𝐼s
2 (2.13-1) 
 
The resistivity of a material varies with the change of the temperature. For that, the copper 
conductivity, the resistance and hence the ohmic losses will vary for a given temperature 𝜗Cu 
in °C. In that case, the temperature coefficient 𝑘ϑ should be taken into account for the 
calculations of the ohmic losses, which the equation 2.13-2, and the resistance at a given 
temperature is calculated with equation 2.13-3.    
 
 
 
𝑘𝜗 =
𝜗Cu + 235
255
 (2.13-2) 
 
 
 
 
𝑅s = 𝑅s,20° · (1 +
𝜗Cu − 20
255
) (2.13-3) 
 
When AC current is flowing through conductors with a frequency, current displacement 
effects appear. These effects mean that the current is not perfectly distributed around the coil, 
and then it causes displacement. These effects increase with the height of conductors and the 
supply of high frequencies. There are three components, which cause displacement. The skin 
effect, which causes current displacement from the conductor itself, the proximity effect 
which causes current displacement by the proximity of another conductor and the 
displacement effect or also known as the second order current displacement which causes 
current displacement in the slot [41].  
 
Figure 29: Current displacement effect. Conductor current I, slot magnetic flux B, slot height h, current density J 
[13]. 
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The second order current displacement is explained with Figure 29. This effect is created by 
the flowing of AC current through the conductors of a slot. The current generates a slot 
magnetic flux, which induces eddy currents. These eddy currents results in a magnetic self-
field that acts against the slot magnetic flux and hence the current is displaced to the upper 
part of the slot where the opposite magnetic fluxes effect is smaller than in the bottom part 
[23]. Since there is current displacement in the conductors, the total effective area where the 
current flows is reduced. Thus a reduction of the area causes an increase of ohmic losses. For 
that, the current displacement effect should be considerate in the calculation of ohmic losses 
with a factor ?̅?R2, instead of the 𝐾R2, due to the negligible stray magnetic flux in the winding 
overhangs [18] [42].  
 
 
 
𝑃Cu,ac = 3 · 𝐾R2 · 𝑅s · 𝐼s
2 (2.13-4) 
   
 
𝐾R2 − 1 =
𝐾R2 − 1
(1 + 𝑙b/𝑙Fe)
 (2.13-5) 
 
 
𝐾R2 = 𝜑(𝜉) +
𝑚v
2 − 1
3
· 𝜓(𝜉) (2.13-6) 
 
 
𝜑(𝜉) = 𝜉 ·
sinh 2𝜉 + sin 2𝜉
cosh 2𝜉 − cos 2𝜉
 (2.13-7) 
 
 
𝜓(𝜉) = 2𝜉 ·
sinh 𝜉 − sin 𝜉
cosh 𝜉 + cos 𝜉
 (2.13-8) 
 
where 𝑚v is the number of vertical wire layers in the slot with the equivalent wire height ℎCu, 
and 𝜉 is the reduced conductor height.  
 
 
𝜉 = ℎCu · √π · 𝑓 · 𝜇0 ·
𝑛h · ℎCu
𝑏Q
· 𝜅Cu (2.13-9) 
 
In equation 2.13-9, f is the stator frequency, 𝑛h is the number of horizontal wire layers in the 
slot with the equivalent wire height ℎCu, 𝑏Q is the average slot width, 𝜅Cu is the copper electric 
conductivity at the winding temperature and ℎCu is the equivalent wire height for round wires 
calculated in equation 2.13-10 with the wire diameter 𝑑Cu: 
 
 
ℎCu = √π ·
𝑑Cu
2
 (2.13-10) 
 
2.13.2. Iron losses 
 
The iron losses are created by two components, the hysteresis losses and the eddy current 
losses. The hysteresis losses depend on the iron sheets material, the magnetic flux density 𝐵2 
and the stator frequency f. The eddy currents are induced from the AC main flux in the iron 
sheets of the stator and rotor core and depend on 𝐵2 and 𝑓2. In order to mitigate or reduce 
these eddy currents and hence the eddy losses, the iron sheets are laminated with insulation 
between the sheets, which are also built very thin. The thickness is usually 0.5 mm or 0.35 
mm. Also for high frequencies operations, 0.1 mm of thickness is also available.  
The IPMSM suffers more iron losses than SPMSM due to the smaller air-gap. The shorter the 
air-gap length, the more magnetic field oscillations the rotor is exposed to. These oscillations 
produce on the iron bridges of IPMSM higher amplitudes of the air-gap field harmonics. Thus, 
contributing to more iron losses due to they are dependable of 𝐵2. 
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In order to calculate the iron losses analytically, two equations are presented for the iron 
losses on the teeth 𝑃Fe,d and on the yoke 𝑃Fe,y. The difference between both equations will be 
a higher magnetic flux in the teeth since there is less area than in the yoke. The two punching 
factors 𝑘Vd and 𝑘Vy are considered. 
 
 𝑃Fe,d = 𝑘Vd · (
𝐵d,max
1.0
)
2
· (𝜌Hy · (
𝑓
50
) + 𝜌Ft · (
𝑓
50
)
2
) · 𝑚ds (2.13-11) 
 
 
 
𝑃Fe,y = 𝑘Vy · (
𝐵y,max
1.0
)
2
· (𝜌Hy · (
𝑓
50
) + 𝜌Ft · (
𝑓
50
)
2
) · 𝑚dy (2.13-12) 
 
The iron losses calculations depend on the specific loss density for each hysteresis losses 𝜌Hy 
and eddy current losses 𝜌Ft and the mass of each iron teeth 𝑚ds and iron yoke 𝑚dy. 
The sum of both equations represents the total iron losses: 
  
 𝑃Fe = 𝑃Fe,d + 𝑃Fe,y (2.13-13) 
 
2.13.3. Friction losses 
 
The friction losses in the air-gap are very small compared with the ohmic and iron losses. 
These losses are caused in the air-gap when the machine is rotating and the slot openings 
contribute to increase these losses [18]. 
The calculation of friction losses is done with equation 2.13-14, where 𝑐f is the friction 
coefficient, the air mass density (𝜌air = 0.95 kg/m
3 at 100°C), n is the rotational speed, 𝑟ro is 
the rotor outer radius and 𝑙Fe is the iron stack length. 
 
 𝑃fr = 𝑐f · π · 𝜌air · (2π · 𝑛)
3 · 𝑟ro
4 · 𝑙Fe (2.13-14) 
 
The friction coefficient 𝑐f is defined by the Reynolds-number Re, which depends on the air-gap 
and the kinematic viscosity of air (𝜈air = 0.23 · 10
−4 m2/s at 100°C). 
 
 𝑐f = 0.035 · 𝑅𝑒
−0.15 (2.13-15) 
 
 𝑅𝑒 = 2π · 𝑛 · 𝑟ro ·
𝛿
𝜈air
 (2.13-16) 
 
2.13.4. Motor efficiency 
 
When the total losses in the motor are defined, the efficiency 𝜂 can be calculated. This 
parameter gives a relation between the total electrical input power and the total mechanical 
output power, which the motor uses to generate work. 
  
 𝜂 =
𝑃m
𝑃el
=
𝑃m
𝑃m + 𝑃d
 (2.13-17) 
 
where 𝑃el is the electrical input power, 𝑃m is the mechanical output power and 𝑃d is the sum 
of all the considered losses in equation 2.13-18: 
 
 𝑃d = 𝑃Cu,ac + 𝑃Fe + 𝑃fr (2.13-18) 
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3. Design of the IPMSM with fractional slot windings 
 
In a synchronous machine, the magnetic flux density of the air-gap 𝐵δ that is generated by the 
electrically excited circuit or the permanent magnets on the rotor, acts with the current i that 
flows through the conductors on the stator by generating a tangential force F. The current can 
be replaced for the current loading A. Thus, the tangential force is proportional to the 
magnetic flux density 𝐵δ, the current loading A, the length of the machine lFe and the number 
of poles p. From the tangential force F and the stator inner radius, where the force acts, the 
electromagnetic torque can be calculated; 𝑀e = 𝐹 · 𝑟si. Furthermore, the internal power of an 
AC synchronous machine, which comes from the air-gap, can be calculated with the rotational 
synchronous speed and the electromagnetic torque; 𝑃δ = 2π · 𝑛syn · 𝑀e. With the internal 
power of the machine and the volume of the rotor, the electromagnetic utilization or Esson´s 
number C can be calculated [23]. 
 
 𝐶 =
𝑆δ
𝑑si
2 · 𝑙Fe · 𝑛syn
=
π2
√2
· 𝑘w1 · 𝐴 · ?̂?δ1 (2.13-1) 
 
The Esson´s number of a machine gives an idea of how much power the machine can generate 
for a given rotor volume. This number is used when two different machine are compared 
since a high value of electromagnetic utilization is desired in order to have machines with a 
high torque with less amount of volume 𝐶~𝑀e/𝑉r.  
The electromagnetic utilization is proportional to the current loading A and the magnetic flux 
density 𝐵δ. The first one is higher for machines with fewer poles, for higher current values and 
higher number of turns per phase. The ohmic losses are proportional to the square of the total 
amount of current 𝑃Cu~𝐼
2, which has a limit for thermal properties of the machines. The 
induced phase voltage Up is proportional to the number of turns per phase, which will be 
limited for the maximum voltage of the inverter. The magnetic flux density is given for the 
magnets in case of a PM machine and its value should be high enough for a better 
electromagnetic utilization. However, care should be given to the saturation issues in the 
different parts of the machine as well as the speed of the machine since the iron losses are 
proportional to magnetic flux density and stator frequency f; 𝑃Fe~𝐵
2 · 𝑓 + 𝐵2 · 𝑓2. In the end, 
when building an electrical machine with a lot of parameters such as geometrical, electrical, 
mechanical, and thermic, on must compromises to design and built a machine suitable for a 
given case. 
 
3.1. Operational points of work 
 
In this thesis, the reduction of the cogging torque and torque ripple is desired for a compact 
machine, which can work in a wide range of speeds. In order to design a compact machine, a 
high Esson´s number is selected to be 5.1 kVA·min/m3. Furthermore, in order to have a 
machine with high power density and hence, a high electromagnetic utilization, a high 
thermal utilization is needed, which is selected to be A·J = 5000 (A/cm) ·(A/mm2). Both 
values are selected to be the same like an IPMSM machine which was built in the Institute of 
Electrical Energy Conversion of TU Darmstadt. This machine was built with integer slot 
windings with q = 2 and the rotor step-skewed in 5 steps and 2° skewed between each step. 
This previous machine without stepping and skewing the rotor will be used to make a 
comparison with the proposed model with fractional slot winding q = 1.5, in chapter 6. 
When the electromagnetic utilization C and the thermal utilization A·J are specified and 
before starting the calculation of the electrical and geometrical parameters of the IPMSM, the 
initial requirements of the machine such as the operational points in nominal and maximum 
power have to be specified. The operational points are described in Table 5 and Figure 30.  
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The control of the IPMSM will be carried out for an inverter. A maximum voltage of the 
inverter with 300 V in the DC bus is chosen. Then the flux weakening control can be used to 
raise the speed up to 10000 min-1. The maximum phase voltage of the motor must not exceed 
the calculated phase voltage. The inverter generates the 3-phase AC with the pulse width 
modulation (PWM). The control of the PWM is carried out with the algorithm called space 
vector modulation (SVM). This control provides to the motor a maximum phase voltage of 
1/√3 of the DC bus voltage not to operate in over modulation. Equation 3.1-1 calculates the 
maximum phase voltage that the inverter supplies to the motor:  
 
 𝑉ph,max =
𝑈DC,inverter
√2 · √3
=
300
√2 · √3
= 122.5 V (3.1-1) 
 
Table 5: Required parameters for each operational point for the design of the IPMSM. 
operational point parameter symbol units value 
OP1 
maximum torque Mmax Nm 110 
nominal speed nN rpm 4167 
maximum power Pmax kW 48 
OP2 
nominal torque MN Nm 55 
nominal speed nN rpm 4167 
nominal power PN kW 24 
OP3 
torque M Nm 45.8 
maximum speed nmax rpm 10000 
maximum power Pmax kW 48 
 
 
Figure 30: Operational points of the machine at nominal and maximum conditions. 
 
The calculations for the design of the IPMSM will be made for the fractional slot winding 
model with q = 1.5, Q = 27 and p = 6. Some parameters like the rotor structure, the air-gap 
length and the outer radius of the stator have been selected as equal as the IPMSM with 
integer slot winding with q = 2, from the Institute. The reason of this selection is to be able to 
make a comparison between the results of both models of integer slot winding and fractional 
slot winding machines.   
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3.2. Materials 
 
The selection of the materials will depend on the purpose of the machine, expected quality 
and budged. The most appropriate materials will be chosen based on the different 
characteristics such as magnetic, electrical, mechanical, thermal properties.  
 
3.2.1. Laminated core material 
 
In terms of electromagnetic properties, the iron sheets should have a high permeability to let 
greater amount of flux flowing. On the other hand, the electrical conductivity should be as 
low as possible to reduce the eddy currents and hence the Foucault losses. For these reasons 
the selected material are iron sheets of M270-35A from the SURA® enterprise [43]. The iron 
sheets have a mass density 𝜌Fe of 7650 kg/m
3, the thickness of the sheet is 0.35 mm, which is 
thin enough to reduce eddy currents losses, and the dissipation loss density is 2.7 W/kg at 1.5 
T and 50 Hz.   
Further parameters of the material can be seen in annex 8.1 and the B-H curve of the material 
at 50 Hz is shown in Figure 31. 
 
 
Figure 31: B-H characteristic curve of the SURA® material M270-35A at 50 Hz [43]. 
 
Since the IPMSM is going to work at high speeds and the iron bridges of the rotor have to 
support considerable centrifugal forces, the iron sheets materials should have a high value of 
yield strength to avoid deformations and a high tensile strength to avoid the breaking of the 
iron sheets. For the proposed material, it has yield strength of 450 N/mm2 and a tensile 
strength of 565 N/mm2. 
Since the losses density are not proportional for each value of flux density and also they are 
not proportional from one value of frequency to another, a table with the losses density for 
each flux density and frequency is introduced to the FEM program, as can be seen in Figure 
32.  
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Figure 32: Magnetic flux density versus loss density for different values of frequency of the SURA® material M270-
35A [43]. 
 
3.2.2. Magnet material 
 
The material for the magnets is the VACODYM 863 TP and it has been selected from the 
VACUUMSCHMELZE® enterprise [44]. This material with a mass density 𝜌M of 7700 kg/m
3, 
offers a magnetic flux remanence of BR = 1.29 T and coercivity field strength of Hc = 995 
kA/m at 20 °C. For further calculations, the B-H curve characteristics for different operating 
temperatures are shown in Figure 33. 
 
 
Figure 33: B-H curve characteristic of the VACODYM 863 TP material for different operational point´s temperatures 
[44]. 
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3.3. Analytical calculations for the IPMSM 
 
The design of an electrical machine is calculated for the nominal or rated values of the final 
machine. Some initial values have to be taken as approximated values from older machines or 
experience in designing electrical machines. This thesis have the experience of analytical 
calculations with the IPMSM model with q = 2. Therefore, in order to compare the previous 
machine with the new modifications of q = 1.5 and q = 2.5, some initial values and 
parameters are taken as equal. Also if a comparison is going to be made, some geometric 
structures have to be the same, such as the rotor structure with p = 6 and the magnets in a V-
shape disposition. The following calculations are done for the IPMSM with fractional slot 
distributed winding, which case is q = 1.5, Q = 27, p = 6, m = 3. 
 
The first values that are considered as approximated are the power factor, which is going to 
be cos 𝜑 = 1, the efficiency value η = 0.94 and a supposition of 𝑃δ ≅ 𝑃N. Thus the internal 
apparent power in the air-gap can be calculated as: 
 
 𝑆δ =
𝑃δ
𝜂 · cos(𝜑)
= 25.54 kVA (3.3-1) 
 
With the internal apparent power and the electromagnetic utilization from equation 2.13-1, 
the stator inner diameter and the length of the iron stack can be calculated. A parameter that 
relates the diameter and the length is also needed. This is common used for the analytical 
calculation of a machine. In this situation a coefficient of (lFe / dsi) = 1.5 is selected.  
 
𝐶 =
𝑆δ
𝑑si
2 · 𝑙Fe · 𝑛syn
 
→ 𝑑si = 92.8 mm 
→ 𝑙Fe = 140 mm 
(3.3-2) 
 
Next, with the inner stator diameter 𝑑si and the number of poles 2𝑝, the pole pitch 𝜏p can be 
calculated. The pole pitch is the circumference distance that belongs to one pole: 
 
 𝜏p =
𝑑si · π
2𝑝
= 48.59 mm (3.3-3) 
 
Before doing the calculation of the number of turns per phase, the calculation of the winding 
factor kW,1 is needed for the fundamental component 𝑣 = 1. Furthermore, in order to know 
the value of the coil span W, the phasor and voltage diagram for the distributed winding is 
going to be drawn. The calculation of the fractional slot distributed windings starts with the 
formulas in section 2.4.4: 
 
 𝑞 =
𝑄
2 · 𝑝 · 𝑚
=
𝑧
𝑛
=
3
2
 (3.3-4) 
 
Since the denominator n is an even number, the calculation is carried out with a 2nd-grade 
definition: 
Table 6: Calculation of a fractional slot distributed winding for a 2nd-grade case. 
 2
nd
-grade value 
denominator, n even 2 
t 2p/n 3 
layer two 2 
Q* Q/t 9 
p* n/2 1 
t* 1 1 
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Table 6 shows the calculated parameters for drawing the phasor and voltage diagram. In this 
case, the number of basic phasor diagrams t is 3 and the number of slots per basic phasor 
diagram Q* is 9. Also with the distance between two adjacent slots 𝛼u and the distance 
between two slots 𝛼z, the phasor diagram is drawn: 
 
 𝛼u =
360 · 𝑝∗
𝑄∗
= 40° (3.3-5) 
   
 
 𝛼z =
360 · 𝑡∗
𝑄∗
= 40° (3.3-6) 
 
Figure 34 shows the phasor diagram with the three basic phasor diagrams t represented with 
3 circles. The fist basic phasor diagram contain the slots from 1 to 9, the second diagram has 
the slots from 10 to 18 and the third one from the slot 19 to 27. 
 
 
Figure 34: Phasor diagram distribution of the fractional slot distributed winding of 27 slots and 6 poles. 
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From the phasor diagram, the voltage diagram can be drawn taking each slot voltage and 
drawing with the same module and angle. The slots are wounded from the positive to the 
negative site of the coil and the total number of slots of one phase generates the voltage of 
that phase. For example, the slots (1, 2, 6, 10, 11, 15, 19, 20, and 24) generate the phase 
voltage U.  
 
 
Figure 35: Voltage phase diagram of the fractional slot distributed winding of 27 slots and 6 poles. 
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Also from the phasor diagram in Figure 34, the slot voltage sequence can be drawn and the 
coil span W can be deduced from Figure 36: 
 
 
Figure 36: Slot coils sequence for a basic phasor diagram which corresponds to 9 stator slots. 
 
The pole pitch is 𝜏p =
𝑄∗
2𝑝∗
=
9
2
= 4.5 and the coil span is W = 4 as the distribution sequence 
shows in Figure 36.  
 
When the calculation of the winding is done and since the analytical calculation is for a 
fractional slot motor, the formulas for calculating the winding factor are taken from the 
section 2.4.5 for the case of a fractional slot distributed winding. The pitch factor, distribution 
factor and winding factor are calculated in equations 3.3-7, 3.3-8 and 3.3-9 respectively. The 
parameters 𝑞1, 𝑞2, 𝛼u and 𝑌 are calculated in Table 7, from the theory in section 2.4.5, since 
Q* is and odd number. 
 
Table 7: Calculated parameters for the pitch and distribution factors. 
 𝑞1 2 
 𝑞2 1 
𝛼u 40° 
𝑌 10 
   
 
 𝑘p,1 = sin (
1 · 𝑊
𝜏𝑝
·
𝜋
2
) = 0.9848 (3.3-7) 
 
 
 𝑘d,1 =
sin (1 · 𝛼u · 𝑌 · 𝑞1/2) − cos (1 · 𝑝
∗ · π · 𝑌) · sin (1 · 𝛼u · 𝑌 · 𝑞2/2)
(𝑞1 + 𝑞2) · sin (1 · 𝛼u · 𝑌/2)
= 0.9598 (3.3-8) 
 
 
 
 
𝑘w,1 = 𝑘p,1 · 𝑘d,1 = 0.9452 (3.3-9) 
 
The flux per pole 𝛷h is also calculated, which is necessary for knowing the number of turns 
per phase. In this calculation another initial assumption is taken as the magnetic flux density 
in the air-gap. For the fundamental component amplitude it has a value of 1 T. This value is 
set up as maximum because the magnetic flux density in the stator teeth will be around 1.8 T, 
which is the limit due to the iron saturation: 
 
 𝛷h =
2
π
· 𝜏p · 𝑙Fe · 𝐵δ1 = 4.334 · 10
−3 Wb (3.3-10) 
W 
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In order to calculate the number of turns per phase Ns, the equation of the induced voltage 
per phase of an AC machine is taken and the induced voltage value is taken with a safety 
factor of 0.8 of the maximum phase voltage that the inverter can give. The frequency is 
calculated from the nominal speed requirements, which is f = 208.35 Hz.  
 
 
 
 
𝑁s =
𝑉h
√2 · π · 𝑓 · 𝑘w,1 · 𝛷h
= 25.44 (3.3-11) 
 
The number of turns per phase cannot be a fractional number; it has to be an integer number. 
Thus, there is the possibility to choose an integer number around 25. In this case, 26 turns 
give an induced voltage, which is too big. If 25 turns are chosen, it will be difficult to choose 
the number of turns per coil as it can be seen in equation 3.3-12. Hence, 24 turns per phase is 
selected. Thus, the number of turns per coil for a two-layer winding can be calculated with a 
selection of 𝑎 = 3, which is the number of parallel branches of winding in AC machines: 
 
 
 
 
𝑁c =
𝑁s · 𝑎
2 · 𝑝 · 𝑞
= 8 (3.3-12) 
 
The current loading value 𝐴s, which is needed for the calculation of the current phase 𝐼s, can 
be calculated from Esson´s number 2.13-1, where ?̂? = √2 · 𝑘w,1 · 𝐴s: 
 
 
 
 
𝐴s =
𝐶
π2
√2
· 𝑘w,1 · 𝐵δ1
= 45674 A/m 
(3.3-13) 
 
 
 
 
𝐼s =
𝐴s · 𝑑si · π
2 · 𝑚 · 𝑁s
= 92.47 A (3.3-14) 
 
The current loading and the phase current as well as other thermal parameters such as 
current density and current per coil are used to calculate the area of copper per coil. Thus, the 
current density J is calculated using the thermal utilization selected for this motor as 𝐴s ·J = 
5000 (A/cm) ·(A/mm2). 
 
 
 
 
𝐽 =
5000
𝐴s
= 10.95 A/mm2 (3.3-15) 
 
Then the current coil and the copper area of a coil are calculated: 
 
 
 
 
𝐼c =
𝐼s
𝑎
= 30.84 A (3.3-16) 
 
 
 
 
𝐴Cu =
𝐼c
𝐽
= 2.82 mm2 (3.3-17) 
 
 
 
 
𝑑Cu = √
𝐴Cu · 4
π
= 1.9 mm (3.3-18) 
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Since a coil with a copper diameter bigger than 1 mm is tough to wound in small electrical 
machines, it is considered to calculate parallel wires per turn 𝑎i to make the wound easier. 
Thus, 6 parallel wires per turn are selected to use a nominal conductor diameter of 0.813 mm. 
Then the copper area is recalculated with equation 3.3-19.   
 
 𝐴Cu =
4
π
· (𝑎i · 𝑑Cu) = 3.115 mm
2 (3.3-19) 
 
The geometry of the stator core begins with the calculation of the teeth and slots dimensions. 
First of all the area of one stator slot, with a conservative fill factor of 𝑘f = 0.44, is calculated 
as: 
 
 
 
 
𝐴Qs =
2 · 𝑁c · 𝐴Cu
𝑘f
= 112.8 mm2  (3.3-20) 
 
Figure 37 shows the parameters of the stator slots, where the tooth breadth bst and the slot 
height hsl are calculated following the equations 3.3-21 and 3.3-22. The maximum magnetic 
flux that crosses a tooth 𝐵st,max is set up to be 1.8 T to avoid iron saturation and the stack fill 
factor 𝑘Fe is 0.97. 
 
𝐵δ1 · 𝜏Q · 𝑙Fe = 𝐵st,max · 𝑏st,min · 𝑙Fe · 𝑘Fe → 𝑏st,min = 6.2 mm (3.3-21) 
 
 
𝐴Qs =
𝑏slu + 𝑏slo
2
· ℎsl → ℎsl = 16.9 mm
2 (3.3-22) 
 
 
 
Figure 37: Stator slot parameters. 
 
Finally, the stator yoke can be calculated as it is equal to half of the stator flux that crosses the 
yoke 𝛷ys,1 and the flux that comes from the air-gap and goes to the stator 𝛷ys,2, which both 
are the same. A parameter that takes into account the dispersed flux in the stator core is 
introduced 𝜎s = 0.04.  
 
  
  
  43 
𝛷ys,1 =
1
2
· 𝛷δ · (1 + 𝜎s)  (3.3-23) 
 
𝛷ys,2 = 𝐵ys,max · ℎys · 𝑙Fe · 𝑘Fe  (3.3-24) 
 
𝛷ys,1 = 𝛷ys,2 → ℎys = 10 mm (3.3-25) 
 
The last calculations that are needed for the implementation of the designed motor to the 
FEM program are the resistance per phase 𝑅s and the inductance in the winding 
overhangs 𝐿σb. Thus, the resistance is calculated for a work temperature of 𝜗Cu = 100 °C with 
the equation (3.3-27 where some parameters are already calculated, the copper conductivity 
is 𝜅Cu = 57·10
6 at 20 °C, the parallel wires per turn 𝑎i are 6 and the winding overhang 𝑙b is 
calculated with equation 3.3-28, where 𝑙a = 5 mm is the clearing of main slot insulation and 
other additional length for bending the conductors in the winding overhangs. 
 
 𝑅s = 𝑘ϑ ·
1
𝜅Cu,20°C
·
𝑁s · 2 · (𝑙Fe + 𝑙b)
𝑎 · 𝑎i · 𝐴Cu
=  0.0304 Ω (3.3-26) 
 
 
 𝑘𝜗 =
𝜗Cu + 235
255
= 1.3138 (3.3-27) 
 
 
 𝑙b = 1.3 · 𝑊 + 3 · ℎsl + 2 · 𝑙a =  116.73 mm (3.3-28) 
 
The inductance in the winding overhangs 𝐿σb is calculated with equation 3.3-30, where the 
leakage inductance coefficient in winding overhangs 𝜆b is calculated with equation 3.3-29. 
 
 
 
 
𝜆b = 0.075 · (1 +
𝑙b
𝜏p
) =  0.23422 (3.3-29) 
 
 
 
 
𝐿σb = 𝜇0 · 𝑁s
2 ·
2
𝑝
· 𝜆b · 𝑙b =  13.2 μH (3.3-30) 
 
In the present chapter, an analytical calculation of the IPMSM with fractional slot winding 
with q = 1.5 is done. Table 8 is presented with all the final values of the parameters for the 
studied machine. These values are needed for drawing the machine in the FEM program. 
Since this thesis is going to compare machines with integer slot winding and machines with 
fractional slot winding, the machine from the Institute with q = 2 and an additional fractional 
slot winding machine with q = 2.5 have been calculated and implemented as FEM models. In 
addition, annexes 8.2 and 8.3 show two tables with all the calculated parameters for the 
models with q = 2 and q = 2.5. In both tables the initial requirements such as power, speed, 
torque, electromagnetic utilization, thermal utilization and inverter voltage are not written 
because all of them are the same for the three machines and these parameters have been 
discussed in section 3.1.    
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Table 8: Calculated parameters for the design of the IPMSM with fractional slot winding with q = 1.5. 
IPMSM – q = 1.5 
Q 27 - number of stator slots 
q 1.5 - number of slots per pole and phase 
m 3 - number of stator phases 
p 3 - number of pole pairs 
𝛿 0.6 mm air-gap length 
dsi 92.8 mm stator inner diameter 
lFe 140 mm iron stack length 
𝜏p 48.6 mm pole pitch 
𝑊 43.2 mm coil span 
𝑘p,1 0.9848 - pitch factor 
𝑘d,1 0.9598 - distribution factor 
𝑘w,1 0.9452 - winding factor 
𝑁s 24 - number of turns per phase 
𝑁c 8 - number of turns per coil 
a 3 - number of parallel branches 
ai 6 - number of parallel wires per turn 
𝐴s 45674 A/m current loading 
𝐼s 92.47 A phase current 
𝐽 10.95 A/mm2 current density 
𝐼c 30.84 A current coil 
𝐴Cu 3.115 mm
2
 copper area of a coil 
𝑑Cu 0.813 mm copper diameter of a wire 
𝐴Qs 112.8 mm
2
 area of a stator slot 
kf 0.44 - fill factor 
𝑏st 6.2 mm breadth of a stator tooth 
ℎsl 16.9 mm height of a slot 
ℎys 10 mm height of the stator yoke 
𝑅s 30.4 mΩ stator phase resistance at 100 °C 
𝑙b 116.73 mm winding overhang 
𝐿σb 13.2
 
μH inductance of the winding overhangs 
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4. FEM modelling 
 
Before the real construction of this machine, an electromagnetic and mechanical analysis 
should be done with a computational program. This analysis save time and cost of 
manufacturing and it is useful to calculate and to check the parameters of the designed 
machines. For example, the post-processing of the electromagnetic analysis shows the 
magnetic flux density distribution in the air-gap and the cogging torque with the rotor 
position. Nowadays, the electromagnetic and mechanical analysis of electrical machines is 
carried out with programs that use finite element methods (FEM), which are also called finite 
element analysis (FEA).      
For the present thesis, after theoretical knowledge and the analytical design of the IPMSM, an 
electromagnetic and mechanical analysis are carried out with the JMAG®-Designer 14.0 
software from JSOL Corporation, which can simulate 2D and 3D models and it uses the 
Maxwell stress tensor method for several calculations which are presented in next chapter 5. 
JMAG® is a friendly program that uses two main screens. The initial one, as it shows Figure 
38 has a toolbox with material such as different types of iron, copper, aluminium and 
permanent magnets. It also has a project manager window with all the parameters of the 
different studies of the machine such as geometry, materials, conditions, circuit properties, 
mesh, results etc. An upper window is for the general tools of the program for simulations, 
rotating the views, and useful tools as contour plots, vector plots, flux lines and a graph 
manager to make Fourier analysis of the different electrical parameters. The screen, at the 
middle, shows the geometry of the machine which can be set with different colours for the 
different parts of the machine. The second important screen or function of JMAG® is the 
geometry editor, where a CAD of the machine that is desired to study can be drawn or 
modified. This screen has all the tools that a CAD program needs for a drawing.  
  
 
Figure 38: JMAG® screens. (Upper) is the project manager screen, (below) is the geometry editor for CAD. 
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4.1. Rotor core and V-shape magnets modelling 
 
Since a comparison with the machine with an integer slot winding is going to be made with 
the new two machines with fractional slot windings, the geometry of the rotor core and the 
magnets dimensions for all motors are the same. Thus, with the dimensions calculated in 
section 3.3 and the geometry editor of JMAG®, the first drawings are made for the rotor core 
and the magnets in a V-shape disposition. It can be seen in Figure 39 the dimensions of the 
drawings for one pole pitch, which means that the machine has 6 poles and 12 magnets. 
JMAG® program does not need the drawing of the whole machine; it is enough with one or 
two pole pitches, depending of the stator structure, since the program can apply the symmetry 
condition for simulating the whole machine. JMAG® also allows the designer to draw half of a 
figure, as shows Figure 39, and then a mirror copy or a radial copy tool can be used to copy 
the second half of the figure. Thus, the drawing is easy and fast.  
 
 
Figure 39: Drawings of the rotor core (green) and V-shape magnets (purple) with the geometry editor of JMAG® 
software. 
 
The most remarkable parameters are the fixed height of the iron bridge of 2 mm and the 
variable angle between the magnets 𝛼M, which in this case is 130°. The variation of the 
magnet angle is set up as half of it and programmed as a CAD variable, as it shows Figure 39. 
Thus, the angle can be modified directly from the project manager screen. The variation of 
this angle is another geometric parameter that this thesis looks for reducing the cogging 
torque and torque ripple. The 2 mm height of the iron bridge is set up as a fixed parameter, 
independently of the angle between the magnets. The iron bridge and the different centrifugal 
forces that act to the iron bridge for each variation of the magnet´s angle are shown in section 
5.1.4.  
𝛼M/2 
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4.2. Stator core and coils modelling 
 
The stator core geometry changes from each machine as it is the main purpose of this thesis, 
from integer to fractional slot winding and each fractional slot machine with different number 
of stator slots. As the coils and stator dimensions have been calculated in section 3.3, the 
stator core for the main variation is drawn with Q = 27. As it can be seen in Figure 40, the 
stator core (yellow) has an inner diameter 𝑑si of 92.8 mm and an outer diameter 𝑑so of 150 
mm. The coils (blue) are drawn with a two-layer configuration and the arrangement of the 
coils will set up in the project manager editor. Also the coils forms are designed with rounded 
corners for a better flux path.  
 
 
Figure 40: Drawings of the stator core (yellow) and coils (blue) with the geometry editor (CAD) of JMAG® 
software. This stator core belongs to a motor of Q = 27 and q = 1.5. 
 
The most remarkable parameters in the drawing of the stator core are the slot height and the 
tooth width, which in Figure 40 the slot height is ℎsl = 16.9 mm and the tooth width is        
𝑏st = 3.1 mm. Both parameters are also set up as CAD variables, whose values can be directly 
changed from the project manager screen. The slot geometry is also a design measure for the 
reduction of cogging torque and torque ripple. Thus, it is also important to find the best 
combination of slot height and tooth width, without varying the area of the stator slots 𝐴Qs, 
which has been calculated previously. Furthermore, the fact that the stator core is varying, 
with the variation of the slots geometry, this directly affects the iron losses and hence a 
reduction of iron losses also is taken into account as well as the improvement of the efficiency. 
When the geometry of the motor is done, the drawing is saved and the project manager 
screen import the drawing from the geometry editor, then the geometry can be analysed with 
a new study case.  
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5. Electromagnetic analysis of the FEM model 
 
After the design of the motor and the implementation of the model to the FE program, the 
electromagnetic and the mechanical analyses are carried out. The aim of this chapter is to 
comment about the simulation results of the proposed model for the cogging torque 
reduction, which is the distributed two-layer winding with q = 1.5 and Q = 27. The presented 
FEM model with JMAG® is shown in Figure 41 with the magnets (pink), rotor (green), stator 
(grey) and slots (green, red and blue). The stator slots colours represent the phases of each 
coil: blue for U-phase, red for V-phase and green for W-phase. In this case, the symmetrical 
phase distribution of the stator slots can be seen. 
 
 
Figure 41: FEM model of an IPMSM with q = 1.5, Q = 27, m = 3 and p = 3. The main parts of the machine are 
displayed such as magnets (pink), rotor (green), stator (grey) and slots (green, red and blue).  
 
5.1. Design of the model 
 
The model has been implemented in JMAG® from the analytical calculations. In order to 
improve the reduction of the cogging torque, the magnets of the rotor and the slots of the 
stator have been optimized with suitable pole-arc to pole-pitch ratio and slots dimensions 
respectively. After the optimization of the rotor and the stator structures, the model has been 
tested with a mechanical stress calculation and a sudden short-circuit test. Finally, the 
simulation results of the optimized model are given for the no-load and load conditions of the 
motor.  
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5.1.1. Variation of the angle between magnets 
 
Another method that has been used to reduce cogging torque and torque ripple is the 
selection of a suitable pole-arc to pole-pitch ratio. In this section the “pole-arc to pole-pitch 
ratio” will be discussed as the term “angle between magnets” 𝛼M, this is the parameter which 
varies the mentioned ratio. For the present model, the angle 𝛼M has been modified from 90° 
to 180° to achieve the less cogging torque and torque ripple. For each angle, the cogging 
torque, torque ripple and the efficiency have been calculated. The results are shown in Figure 
42.  
 
 
Figure 42: Variation of the angle between magnets 𝛼M for the model q = 1.5 and calculated results of cogging 
torque, torque ripple and efficiency.  
 
All simulations are carried out with rated operation, which is the rated torque M = 55 Nm 
and the rated speed n = 4167 min-1.  
 
Table 9: Calculated parameters for each variation of the angle between magnets for the model q = 1.5. 
𝛼M ?̂?1 𝐼s 𝛽 𝑀N 𝐿d 𝐿q 𝑃Cu,dc 𝑃Fe 𝜂 
- T A - Nm μH μH W W % 
90° 0.822 94.4 30° 55.01 329 726 840 363 95.15 
100° 0.823 90.9 32.5° 55.10 308 792 779 351 95.44 
110° 0.819 88.8 33.5° 55.02 293 835 743 346 95.59 
120° 0.813 88.2 34° 55.00 284 851 733 343 95.64 
130° 0.805 88.4 34° 55.06 277 851 736 340 95.65 
140° 0.797 88.6 34° 55.05 273 852 740 338 95.64 
150° 0.791 88.7 34° 55.02 271 854 742 337 95.63 
160° 0.786 88.8 34.5° 55.00 269 859 743 335 95.63 
170° 0.782 89.0 34.5° 55.04 267 860 746 335 95.63 
180° 0.780 89.1 34.5° 55.04 265 857 748 332 95.63 
 
95.1
95.2
95.3
95.4
95.5
95.6
95.7
0.0
0.5
1.0
1.5
2.0
2.5
3.0
3.5
4.0
4.5
5.0
90 100 110 120 130 140 150 160 170 180
E
ff
ic
ie
n
cy
, 
η
 /
 %
 
M
/
M
N
 /
 %
 
Angle between magnets, αM / ° 
Mcog
Mrip
Efficiency
Mcog 
 
Mrip 
 
Efficiency 
 50    
As it can be seen in Table 9, for cases of 𝛼M = 90° and 𝛼M = 100° the current is a little bit 
higher with respect to other cases, which contributes to an increase of ohmic losses. The 
inductance Ld is decreasing with higher values of angle between magnets and this allows a 
smaller field weakening operation. On the other hand, the saliency ratio Lq /Ld is increasing 
with higher angles and this contributes to a greater reluctance torque production. 
From the simulations of different cases of 𝛼M, the cases that give a higher efficiency and a 
better reduction of both cogging torque and torque ripple are the 120°, 130° and 140°. 
Although the cases of 160°, 170° and 180° give a bigger reduction of cogging torque, the 
torque ripple is considered to be too high with respect to other cases. Therefore, the case of 
120° is selected as the suitable case, since it has good compromise between cogging torque 
and torque ripple reduction. The case of 130° could be also a candidate, although the 
reduction of cogging torque in 120° is 2.2 times the cogging torque in 130°.  
 
5.1.2. Variation of the dimensions of the stator slots 
 
The second geometric parameter that has been modified to achieve more reduction of cogging 
torque and torque ripple is the geometry of the stator slots. For the chosen angle between 
magnets of 𝛼M = 120° and without changing the slot area 𝐴Qs, the dimensions of the slot 
width and the slot height have been modified. The slot width has been varied from the CAD 
file varying the teeth width. Thus, the following Table 10 shows the values for the different 
combinations of teeth width and slot height. In addition, Figure 43 shows the cogging torque 
and torque ripple for each combination. The efficiency is not shown since there is no notable 
difference. 
 
Table 10: Stator slots dimensions with the same slot area AQs. The parameters that vary are the teeth width bst and 
the slot height hsl. 
Cases 1 2 3 4 5 6 7 8 9 10 11 
Tooth width, bst / mm 5 5.2 5.4 5.6 5.8 6.0 6.2 6.3 6.6 6.8 7.0 
Slot height, hsl / mm 14.7 15.1 15.4 15.7 16.1 16.5 16.9 17.2 17.7 18.1 18.5 
 
 
 
Figure 43: Cogging torque and torque ripple for each tooth width of the stator slots. 
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The Figure 43 shows clearly the dependence between the slot dimensions and the total 
amount of cogging torque and torque ripple. Figure 43 also shows that a reduction of the 
cogging torque does not mean a reduction of the torque ripple. It means that a compromise 
between both parameters should be chosen. For that, the case 5 with the stator slot 
dimensions of bst = 5.8 mm and hsl = 16.1 mm are selected.   
 
5.1.3. Irreversible demagnetization of the magnets for a sudden short-circuit 
 
The angle between magnets determines the area of the magnets exposed to irreversible 
demagnetization when there is a sudden short-circuit. For that, a three-phase sudden short-
circuit simulation is carried out in order to check how much area of the magnets is going to be 
irreversible demagnetized. The simulation is carried out at no-load condition, for a 
temperature of 150° which decreases the coercive field strength. The calculations are made in 
the threshold of this temperature, which shows the irreversible demagnetization after crossing 
the knee point. As it can be seen in Figure 43, the sudden short-circuit happens at time 2.4 
ms. The stator current raises and its field, which acts against the magnetic field of the 
magnets, causes the irreversible demagnetization to the magnets. 
  
 
Figure 44: Magnetic field strength simulation for checking the demagnetized area of the magnets of 1 pole when a 
sudden short-circuit in the three phases is carried out. 
 
The simulations are made for angles between the magnets 𝛼M from 90° to 180°, thus a 
comparison between all of them can be done to find the optimum angle to avoid irreversible 
demagnetization of the magnets. In Figure 45, the calculation results of the demagnetized 
area are checked for the region above the threshold of 723 kA/m. The demagnetized area 
represents a percentage of the total area of 1 pole, equivalent to two magnets.   
After the sudden short-circuit test, it can be seen from Figure 45, that the angle between 
magnets that is exposed to less irreversible demagnetized area is the case with 𝛼M = 130°. 
However, the already selected angle of 120° is also a good candidate for having few 
demagnetized area. 
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Figure 45: Percentage of demagnetized area of 1 pole, for a given angle between the magnets 𝛼M. 
 
5.1.4. Mechanical stress in iron bridges 
 
For the verification of the mechanical stress that the iron bridges support caused by the 
centrifugal forces that the magnets produce when the rotor structure is rotating, an analytical 
calculation has been done with the theory from section 2.12 and also a FEM simulation has 
been calculated with JMAG®. The calculations and simulations have been carried out for 
different angles between magnets 𝛼M, from 90° to 180°, with the rotational speed of n = 
12000 min-1, which is 1.2 times the maximum speed. 
For the analytical calculation, the equivalent tangential stress that V-shape magnets produces 
onto the iron bridge have been multiplied by a factor of 2 to take into account an increased 
stress at the magnet edges. Furthermore, the tensile strength value of the iron sheets has been 
divided for a factor by 2 consider the lifetime cycles caused by fatigue. For that, Figure 46 
shows half of the tensile strength (red) with a value of 254.25 N/mm2 and the corresponding 
double value of the tangential stress in iron bridges (blue) for each angle between the 
magnets.    
 
 
Figure 46: The calculated tangential stress (blue) on the iron bridge due to the centrifugal forces of the magnets 
for a given angle between magnets and half of the tensile strength (red) of the iron sheets SURA®, material M270-
35A. 
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From the mechanical stress calculation in Figure 46, it can be seen that the angles between 
magnets that cannot be chosen since the iron bridge could break due to the centrifugal forces, 
are 90° and 100°. In addition, the case of 110° is also discarded since it is at the limit of the 
safety value of tensile strength. A simulation of the mechanical stress that the iron bridge 
suffers is carried out, for the selected angle between magnets of 120°. As it can be seen in 
Figure 47, the mechanical stress along the iron bridge is under the limit of half of the tensile 
strength of 254.25 N/mm2. However, the inner part of the iron bridge which is in red colour 
surpasses the limit of 254.25 N/mm2. This area is considered small enough to not have a 
significant effect on the iron bridge structure, since the tensile strength limit has a safety 
factor of 2.     
 
 
Figure 47: Mises Stress simulation for checking the iron bridge strength due to centrifugal forces at n = 12000 min-1 
(left). Comparison of the Mises Stress simulated, at n = 12000 min-1 and 𝛼M = 120°, and the limit of half of the 
maximum tensile strength that the material can support (right). 
 
The designed and studied model of the IPMSM with two-layer and distributed windings with 
q = 1.5 and Q = 27 has been improved with FEA, from the analytical calculation of the 
motor. Finally, the selected parameters are; an angle between magnets of  𝛼M = 120° and a 
stator slot dimensions of bst = 5.8 mm and hsl = 16.1 mm. These rotor and stator parameters 
improve the reduction of cogging torque and torque ripple. Now, the final IPMSM model is 
done and the simulations and results of it can be discussed. 
 
 
 
 
 
 
 
 
 
 
 
 
 
0
50
100
150
200
250
300
0 0.5 1 1.5 2
M
e
c
h
a
n
ic
a
l 
st
re
ss
, 
σ
 /
 N
/
m
m
2
 
distance / mm 
 54    
5.2. Results of the electromagnetic calculation of the machine at no-load condition 
 
5.2.1. Magnetic flux density distribution 
 
At no-load condition of the motor and hence no-load circuit parameters, a 2D simulation of 
the magnetic flux density provided by the permanent magnets is generated to show the flux 
distribution around the stator and rotor cores. This simulation verifies that no saturation parts 
are in the machine and the flux lines goes from a north pole to a south pole of the magnets. 
The results are displayed with a contour plot that shows the magnetic flux distribution with a 
colour scale and the flux lines that show the magnetic lines through the machine. In Figure 48 
it can be seen that the most critical parts of the machine are the iron bridges, where more flux 
concentrates since it is easier to close the flux path to the same magnet than crossing the air-
gap, with values between 2-2.3 T. The iron bridges are built so thin to reduce the flux leakage 
from the magnets. Other parts that are critical are the stator teeth, which in this case they 
show a value of 1.2 T.  
 
 
Figure 48: Magnetic flux density distribution thought the stator and rotor cores at no-load condition. 
 
In order to check the shape of the function of the magnetic flux density distribution in the air-
gap, an arc section through the air region in the middle of the air-gap is carried out and the 
radial component of the magnetic flux density is displayed in Figure 49. The magnetic flux 
density in the air-gap for one electrical period is the superposition of all the magnetic flux 
waves for all harmonics, which arise from distortions. Furthermore, the influence of the slot 
opening effect can be seen as well. Thus the stator slots have to be chosen with a small slot 
opening. In the present model a rather small slot opening of 2 mm was chosen. Since the 
model is for a fractional slot winding q = 1.5, it causes an asymmetry of the magnetic flux 
density in the x-axis and hence even harmonics orders appear. In addition, the fundamental 
component of the magnetic flux density is also displayed in the same graph using the FFT, in 
order to compare both functions and see how sinusoidal is the magnetic flux density in the 
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air-gap compared to its fundamental component. The fundamental component of the 
magnetic flux density distribution has a peak value of ?̂?δ1 = 0.81 T.   
 
 
Figure 49: The radial component of the magnetic flux density (blue) and the fundamental component (red) in the 
air-gap at no-load condition.  
 
From the magnetic flux distribution, a Fourier analysis is carried out to see the harmonic 
content. The Figure 50 shows a zoom of the harmonic component of the magnetic flux density 
of the present model with Q = 27. Furthermore, a Fourier analysis of the same model without 
stator slots has been done to see the different harmonic components that appear when the 
slots are incorporate. It can be seen that with the slotless configuration only odd harmonic 
orders appear in the Fourier analysis, although in the presented model with q = 1.5 also even 
order harmonics appear.  
 
 
Figure 50: FFT of the magnetic flux density in the air-gap at no-load condition. 
-1
-0.8
-0.6
-0.4
-0.2
0
0.2
0.4
0.6
0.8
1
0 90 180 270 360
M
a
g
n
e
ti
c
 f
lu
x
 d
e
n
si
ty
, 
B
 /
 T
 
Electrical degrees / ° 
Flux Density in air gap Fundamental Component
0.00
0.05
0.10
0.15
0.20
1 3 5 7 9 11 13 15 17 19 21 23 25 27 29
M
a
g
n
e
ti
c
 f
lu
x
 d
e
n
si
ty
, 
B
 /
 T
 
Harmonic order 
   q = 1.5    slotless
~ 
q = 1.5 Sl  
 56    
The harmonic components of the magnetic flux density in the air-gap due to the slot effect can 
be analytically calculated from equation 2.8-4, where the circumferential mechanical angle 𝛾m 
is transformed to electrical degrees. When this equation is considered for each rotor 
harmonics order 𝜇, the harmonic components that appear in the magnetic flux density in the 
air-gap are deduced from 𝜇 ± (𝑄 · 𝑙)/𝑝. For the present model of Q = 27 and p = 3, the 
harmonic components in the magnetic flux density in the air-gap are calculated in Table 11. 
The calculations are done with the parameter l = 1 and l = 2 to get the harmonic orders with 
biggest amplitudes. However, by increasing the l parameter more harmonics will appear, 
although their amplitudes will be smaller. 
 
Table 11: Calculated harmonic orders of the magnetic flux density distribution in the air-gap from the interaction of 
the rotor harmonics orders 𝜇 and the stator slots Q. 
rotor space harmonics parameter harmonic number harmonic number 
𝜇 l |𝜇 − (𝑄 · 𝑙)/𝑝| |𝜇 + (𝑄 · 𝑙)/𝑝| 
1 
1 8 10 
2 17 19 
3 
1 6 12 
2 15 21 
5 
1 4 14 
2 13 23 
7 
1 2 16 
2 11 25 
      
 
5.2.2. Induced phase voltage 
 
At no-load condition, the induced phase voltage is simulated. Since the induced phase voltage 
is proportional to the magnetic flux density 𝑈p1 = √2 · 𝑓 · 𝑘w,1 · 𝑁s · 2 · 𝜏p · 𝑙Fe · 𝐵δ1, it can be 
seen in Figure 51 the sinusoidal waves of the voltage phases. However, it can be also noticed 
the slot opening effect on the top of the waves. The induced phase voltage waveforms are the 
sum of all harmonic components and the amplitude of the fundamental induced phase voltage 
is 103.3 V. Having a short pitched configuration of W/𝜏p = 4/4.5 introduces the pitch factor 
and having group of coils q > 1, which in this case is 1.5, introduces the distributed factor. 
Both factors give the winding factor which helps to reduce the amplitudes of the harmonic 
components and therefore the induced phase voltage is more sinusoidal. However, the 
amplitude of the fundamental component is also reduced.       
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Figure 51: Induced phase voltage at no-load condition. Phase U (blue), phase V (red) and phase W (green). 
 
 
5.2.3. Cogging torque 
 
As it has been shown in sections 5.1.1 and 5.1.2, cogging torque is fully dependable on 
geometric parameters such the pole-arc to pole-pitch ratio and the dimensions of the stator 
slots. The simulations results of the cogging torque gives a peak value of 0.47 Nm and a 
percentage of the peak value of cogging torque of 0.85 %, from the rated torque of 55 Nm.  
The periodicity of the cogging torque, that the Figure 52 shows can be analytically calculated 
as in theory 2.6 has been explained. Thus, for the present model of Q = 27 and p = 3, the 
periodicity of the cogging torque for one slot pitch is: 
 
 
 𝑁period =
2𝑝
GCD {𝑄, 2𝑝}
=
6
3
= 2 (5.2-1) 
 
 
The total number of cogging torque periods for one circumferential rotation of the rotor is 54, 
since there are 27 stator slots and each slot pitch 𝜏Q has 2 periods. The analytical calculation 
is verified with the simulation of Figure 52, which shows that for 360° electrical degrees there 
are 18 cogging torque periods and hence for 360° mechanical degrees there are 54 periods.    
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Figure 52: At no-load condition, simulation of the cogging torque Mcog for one electrical period T. 
 
The Fourier analysis of the cogging torque is carried out with JMAG®. As it can be seen in 
Figure 53, the harmonic components that are more significant are the 18th and the 36th. The 
main harmonic 18th coincide with 18 cogging periods 𝑁period that the cogging torque shows in 
one electrical period. 
 
 
Figure 53: Fourier analysis of the cogging torque. 
 
The harmonic orders that appear in the Fourier analysis of the cogging torque can be 
analytically calculated from theory 2.8.5. A table with the values of the most important 
harmonics orders and the parameters needed for calculating them are shown in Table 12. In 
addition, the peak value and the electrical frequency of each harmonic are also added from 
the Fourier analysis.  
 
Table 12: Harmonic content of the cogging torque for q = 1.5. The parameters l and k for the analytically 
calculation of the harmonics numbers are shown for each harmonic order as well as the amplitude. 
l k harmonic order ?̂?cog / Nm frequency, 𝑓𝑙 / Hz 
2 9 18 0.42 3750 
4 18 36 0.12 7500 
6 27 54 0.003 11250 
8 36 72 0.003 15001 
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5.3. Results of the electromagnetic calculation of the machine at rated load 
condition 
 
5.3.1. Voltage and current  
 
At rated load condition of the motor, the voltage phases and the current phases can be drawn 
after the FEM simulation. As it can be seen in Figure 54, the current phase W (green) shows a 
perfect sinusoidal shape since the inverter is considered to feed the motor without any current 
ripple or distortion. The amplitude of the fundamental phase current has a value of 126.51 A. 
The phase voltage W (green) shows a little distortion due to the harmonic components. A 
Fourier analysis has been carried out to obtain the amplitude of the fundamental component 
of the phase voltage. The peak value is 141.6 V with a frequency of 208.35 Hz.  
The representation of the fundamental phase voltage in the same graph of the phase current 
is made to calculate the fundamental power factor of the motor. For that, as it can be seen in 
Figure 54, two black lines are shifted in the peak of the fundamental phase voltage and the 
phase current. From both peak values, the times are read. The difference between these two 
times can be converted to degrees since one electrical period is equivalent to 360° or 1/f with 
equation 5.3-1. Finally, the power factor can be obtained with equation 5.3-2: 
 
 𝜑
1
= ∆𝑡 · 𝑓 · 360° (5.3-1) 
 
 Power Factor → cos𝜑1 (5.3-2) 
 
The time difference between the peak amplitudes is 0.31 ms, the frequency is 208.35 Hz and 
the power factor result is 0.93.  
 
 
Figure 54: For one electrical period, the phase voltage W (red), the phase current W (green) and the fundamental 
component of the phase voltage W (blue) are displayed.  
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5.3.2. Torque ripple and torque production with MTPA 
 
At the rated load condition, where a constant torque is desired, the torque ripple percentage 
of 2.45 % has been calculated from the time graph of Figure 55 where the average torque is 
55.14 Nm.  
 
 
Figure 55: Torque response of the IPMSM q = 1.5 model for the rated load condition. It can be seen the torque 
response (blue) and the average torque (red).  
 
At rated load condition as well, four different currents has been simulated for different 
current angles β. The angles changes from 0° to -90°. For a given phase current, there is a 
current angle that gives a maximum torque since the IPMSM has a saliency ratio which gives 
an extra reluctance torque. For that reason, the optimal current angle has to be found for each 
stator current in order to have maximum torque production and minimum ohmic losses. The 
control technique that finds the optimal current angle is known as the maximum torque per 
ampere technique (MTPA).  
 
 
Figure 56: Torque curve depending on the phase current and the current angle at rated speed n = 4167 min-1. 
MTPA technique finds the maximum torque M for a given stator current Is by finding the optimal current angle β.  
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For the OP2 with a stator phase current of 89.5 A, the optimal current angle is -33.4° for a 
maximum torque of 55.14 Nm. For each current of Figure 56, a comparison between the 
torque generated at current angle β = 0° and when the angle is for maximum torque is done 
in Table 13, in order to see how much extra percentage of torque can be achieved when a 
suitable current angle from MTPA technic is chosen. This extra torque is the reluctance torque 
that the machine generates by having the saliency ratio.   
 
Table 13: For a given stator current Is, the variation of produced torque between current angle 𝛽 at 0° and the 
angle which gives maximum torque. 
Phase current, 𝐼s Torque at 𝛽 = 0° Maximum torque 
𝛽 for maximum 
torque 
Variation 
A Nm Nm ° % 
50 25.35 29.02 -25.0 +14.48 
89.5 43.58 55.14 -33.4 +26.53 
150 67.07 94.85 -40.0 +42.42 
180 76.93 113.38 -45.0 +47.38 
 
 
5.3.3. Calculated parameters of q = 1.5 model  
 
For each operational point, the calculated parameters of the proposed model have been taken 
from the simulation results and some of them have been calculated in the post-processing. 
The rotor speed n and the frequency f are basic parameters introduced to the JMAG®, the 
induced voltage Up1 is a parameter simulated at no-load condition for the different frequencies 
which operates each operational point. At load condition, torque ripple Mrip has been 
calculated from the torque graph, the fundamental phase voltage Us1 and current Is1 are 
simulated for the suitable current phase β. The phase current in d and q axes are calculated 
with equations: 
 
 𝐼sd = 𝐼s1 · sin𝛽 (5.3-3) 
 
 
 𝐼sq = 𝐼s1 · cos𝛽 (5.3-4) 
 
The fundamental power factor cos𝜑 is the angle difference between the fundamental peak 
values of the phase voltage and the phase current. Finally, the inductances in d and q axes 
have been calculated applying the dq reference equations from 2.10-1. 
 
 
 
𝐿d =
(𝑈sq − 𝑈p0 − 𝑅 · 𝐼sq)
𝜔 · 𝐼sd
 (5.3-5) 
 
 
 
𝐿q = −
(𝑈sd − 𝑅 · 𝐼sd)
𝜔 · 𝐼sq
 (5.3-6) 
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Table 14: Calculated parameters of q = 1.5 model for each operational point. 
 units OP1 OP2 OP3 
Speed, n  min
-1
 4167 4167 10000 
Frequency, f  Hz 208.35 208.35 500 
Induced phase voltage, Up1 V 73 73 175 
Torque, M  N∙m 110.7 55.14 46 
Torque ripple, Mrip % 1.66 2.45 9.4 
Fundamental phase voltage, Us1  V 114.2 100.2 123.6 
Fundamental phase current, Is1  A 175.4 89.5 135.7 
Current phase, β  ° -42.5 -33.4 -72.9 
Phase current of d-axis component, Isd  A -118.5 -49.3 -129.7 
Phase current of q-axis component, Isq  A 129.3 74.7 39.9 
Fundamental power factor, cos𝜑  - 0.862 0.93 0.995 
Stator winding self-inductance of d-axis per phase, Ld  μH 280 275 373 
Stator winding self-inductance of q-axis per phase, Lq  μH 624 824 935 
 
 
The different losses explained in the theory section 2.13, have been calculated for each 
operational point of the motor. In addition, as mentioned before, only iron, ohmic and friction 
losses have been considered to calculate the mechanical and electrical power and the 
efficiency for each operational point. Introducing to JMAG® the iron losses density of the 
material for different frequencies, the FE program calculates the eddy current and hysteresis 
losses of the iron, and it gives the total value of the iron losses. The iron losses that JMAG® 
gives have been multiplied by a conservative coefficient of 1.5. This coefficient also involves 
the punching of the stator slots of the iron sheets, which damages the insulation between iron 
sheets and contributes to higher eddy current losses. For the ohmic losses calculation, which 
arise when the current crosses the conductor, a working temperature of 100 °C has been 
supposed. The DC ohmic losses have been calculated for the winding resistance per phase of 
30.4 mΩ and the current phase of each operational point. Furthermore, the current 
displacement effect has been considered to have the AC ohmic losses and to see how much 
difference of ohmic losses is between operational points. The most remarkable parameter, 
which contributes to higher ohmic losses due to the current displacement, is the frequency. 
This phenomenon is explained since the penetration depth of the slot dE is reduced with 
higher frequency 𝑑E~1/√𝑓, and it decreases the effective copper area of the slot, giving 
higher copper losses. The friction losses are calculated in the air-gap and the only parameters 
that vary for this calculation from one OP to another is the speed of the rotor. Although the 
increased speed is 2.4 times, the friction loss has increased 12 times since the calculation of 
the friction losses 𝑃d,fr~𝑛
3.     
The electrical power, which is supplied to the motor, can be calculated with the sum of the 
mechanical power and the total amount of losses. The mechanical power, which the motor 
needs for producing the net-work, has been calculated from the average torque that JMAG® 
gives, minus the iron and friction losses. The average torque that the FE program calculates, 
using the Maxwell stress tensor, is the torque in the air-gap and it does not consider the iron 
and friction losses. Finally, the efficiency of the motor for each operational point can be easily 
calculated with the mechanical and electrical power.    
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Table 15: Calculated results of the motor with q = 1.5 for each operational point. 
 units OP1 OP2 OP3 
Temperature of the stator winding, 𝜗Cu  °C 100 100 100 
Ohmic losses, Pd,Cu,dc  W 2806 731 1680 
Ohmic losses by current displacement, ∆Pd,Cu  W 17.5 4.6 60.4 
Ohmic losses, Pd,Cu,ac  W 2824 736 1740 
Iron losses, Pd,Fe  W 300 216 701 
Iron losses with conservative factor 1.5, Pd,Fe W 450 324 1052 
Friction losses, Pd,fr W 2.1 2.1 25.4 
Total losses, Pd = Pd,Cu,ac + Pd,Fe + Pd,fr W 3276 1062 2818 
Mechanical power, Pm kW 47.85 23.74 47.1 
Electrical power, Pe kW 51.1 24.8 49.9 
Efficiency, η % 93.6 95.7 94.4 
 
5.3.4. Maximum torque for loss minimization  
 
As section 5.3.2 shows, the control technic maximum torque per ampere (MTPA) tries to find 
the maximum torque that the motor can produce for a fixed current and by changing the 
current angle. There is another technic that tries to find the highest efficiency by minimizing 
the total losses for the maximum torque that the motor can achieve. This technique is called 
the maximum torque for loss minimization and tries to find the optimal point by adjusting the 
d-axis stator current [46].  
In the present section, the maximum torque for loss minimization technique is applied for the 
rated load operational point (OP2) and for the maximum torque operational point (OP1). 
Two figures are going to be presented for each OP with a table which summarises the most 
suitable parameters to achieve the MTPA and the loss minimization.  
 
5.3.4.1 – Maximum torque for loss minimization at the OP2 
 
At the rated operational point with MN = 55 Nm and n = 4167 min
-1, Figure 57 shows the 
efficiency 𝜂 and the stator current Is depending on the d-axis stator current Isd. The blue line is 
the stator current depending on the d-axis stator current. All the points gives the rated torque 
MN = 55 Nm, although there is one case which has the minimum stator current and hence 
minimum ohmic losses are expected as it can be seen in Figure 58. This case is found by using 
the MTPA technique and corresponds to Isd = -48.8 A. However, when all the losses of the 
machine are considered, there is one d-axis stator current that gives the rated torque with the 
highest efficiency, which is Isd = -55.1 A, as the red line shows in Figure 57. The technique 
which finds the maximum torque for the minimum total losses is called the maximum torque 
for losses minimization. In addition, Table 16 shows the main parameters of the optimal point 
that gives the rated torque by using the MTPA technique and the optimal point that gives the 
rated torque and minimum losses by using the maximum torque per losses minimization 
(MTPLM). As it can be seen in Figure 58 the ohmic losses Pd,Cu,ac shows the same shape like 
the stator current Is in Figure 57 since 𝑃Cu~𝐼s
2. Also in Figure 58 the iron losses Pd,Fe decrease 
when the negative d-axis stator current Isd increase. That happens since the introduction of a 
negative d current reduces the magnetic flux in the stator and hence the iron losses.  
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Table 16: At the operational point for the rated torque MN = 55 Nm; calculated parameters for the optimal points 
of MTPA and Loss Minimization techniques. 
 
 
Isd Is 𝛽 MN Pd,Cu,ac Pd,Fe Pd Pm Pe 𝜂 
A A - Nm W W W kW kW % 
MTPA -48.8 89.2 33.2° 55 730 324 1056 23.7 24.73 95.73 
MTPLM -55.1 89.6 37.2° 55 739 307 1049 23.7 24.74 95.76 
 
 
 
Figure 57: At the rated operational point; efficiency η and stator current Is depending on the d-axis stator current 
Isd. 
 
  
 
Figure 58: At the rated operational point; iron losses Pd,Fe and ohmic losses Pd,Cu,ac depending on the d-axis stator 
current Isd. 
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5.3.4.2 – Maximum torque for loss minimization at the OP1 
 
At the operational point 1, for a maximum torque of the motor Mmax = 110 Nm at the rated 
speed n = 4167 min-1, the calculated parameters for the optimal points of MTPA and MTPLM 
are shown in Table 17. Furthermore, Figure 59 shows for the OP1 the relation between the d-
axis stator current with the stator current and with the efficiency of the motor. In addition, 
Figure 60 shows for the OP1 the relation between the d-axis stator current with the iron and 
ohmic losses. 
The results between the OP2 and the OP1 show a different variation between the Isd for the 
case of MTPA and MTPLM techniques. For the OP2 the difference of Isd between both 
techniques is 13 % and the Isd difference in the OP1 between both techniques is 2.7 %. The 
explanation of that relies on the difference between the ohmic and iron losses in both 
operational points. When the ohmic losses are dominant, as the case of OP1, the difference in 
Isd is lesser since both techniques consider the ohmic losses.        
 
 
Table 17: At the operational point for the maximum torque Mmax = 110 Nm; calculated parameters for the optimal 
points of MTPA and Loss Minimization techniques. 
 
Isd Is 𝛽 MN Pd,Cu,ac Pd,Fe Pd Pm Pe 𝜂 
A A - Nm W W W kW kW % 
MTPA -117.7 174.2 42.5° 110 2784 447 3233 47.6 50.8 93.63 
MTPLM -120.9 174.3 43.9° 110 2788 441 3231 47.6 50.8 93.64 
 
 
 
 
Figure 59: At the operational point for Mmax; efficiency η and stator current Is depending on the d-axis stator 
current Isd. 
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Figure 60: At the operational point for Mmax; iron losses Pd,Fe and ohmic losses Pd,Cu,ac depending on the d-axis stator 
current Isd. 
 
5.4. Radial pressure for vibration and electromagnetic noise calculation 
 
From the magnetic flux distribution, the radial and tangential components of the 
electromagnetic forces can be calculated by using the Maxwell stress tensor. In this thesis, the 
calculation of the radial pressure is achieved using the radial and the tangential components 
of the magnetic flux density with the equation 2.5-5. The Figure 61 shows the internal radial 
pressure caused by the radial electromagnetic forces at the no-load and load condition of the 
motor. As it can be seen, the radial pressure at load condition is much higher and distorted 
since the flux distribution in the air-gap for this condition is affected for the interaction by the 
magnetic flux coming from the magnets and the magnetic flux induced in the stator slots.    
 
 
Figure 61: Radial pressure at no-load and load condition caused by the electromagnetic forces for the model q = 
1.5. 
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A Fourier analysis of the radial pressure is carried out in order to see the harmonic content. 
The Figure 62 shows the harmonic components of the radial pressure at no-load and load 
condition. In addition, it can be noticed that the higher amplitudes for both condition of the 
motor are achieved with the 6th and the 27th harmonics, which both harmonic orders coincide 
with the number of poles and the number of stator slots of the motor. This fact confirms that 
the harmonic content of the radial pressure is going to be affected by the number of poles and 
stator slots. For the study of the vibrations and electromagnetic noise of the machine, the 
harmonic with the higher amplitude is of higher interest, since the higher the amplitude of the 
radial pressure, the higher will be the vibration of the stator core structure and hence the 
electromagnetic noise since it has been explained in section 2.9.     
 
 
 
Figure 62: Fourier analysis of the radial pressure at no-load and load condition for the model q = 1.5. 
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6. Comparisons of four IPMSM models 
 
6.1. Parameters comparison between the 4 models 
 
The challenge of the present thesis is to reduce the cogging torque of an IPMSM by using a 
fractional number of stator slots per pole and phase q = 1.5. This reduction should be 
compared with a previous IPMSM with integer number of slots per pole and phase q = 2 
without stepping and skewing the rotor. When this comparison is achieved, two more models 
have been designed and carried out in JMAG® to reduce the cogging torque as well. These 
two additional models are the step-skewed machine, which was built in this department, and 
a second fractional slot winding model with q = 2.5. For all models, the rotor structure was 
selected to be the same with 6 poles and the magnets in a V-shape configuration. 
Furthermore, the air-gap length and the outer stator diameter are also the same. In order to 
know the differences between the four models, the Table 18 shows the main parameters of 
each model and the Figure 63 shows the FEM models. 
 
Table 18: The main parameters of the four IPMSM models. 
 Original Step-skewed 1
st
 Variation 2
nd
 Variation 
Number of slots per pole and phase, q  2 2 1.5 2.5 
Number of stator slots, Q 36 36 27 45 
Angle between magnets,  𝛼M / ° 130 130 120 130 
Number of pole pairs, p 3 3 3 3 
 
The step-skewed model has the same parameters than the model with q = 2 (original). 
However, to reduce the cogging torque the step-skewed model has its rotor step-skewed in 5 
steps with the angular difference of 2° between each step. 
 
 
Figure 63: (a) Original model with q = 2, (b) 1st Variation model with q = 1.5, (c) 2nd Variation model with q = 2.5. 
 
Table 19 shows the main calculated parameters for each model. The simulations were done 
for the rated operation with the rated torque 55 Nm and the rated speed 4167 min-1. 
Although the four models have the same rotor structure and the same angle between magnets 
of 130°, the model with q = 1.5 has been selected with a magnet angle of 120° since it shows 
the best compromise of cogging torque and torque ripple reduction. At this condition, the 
results show an important reduction of the torque ripple from the original model with q = 2 
to the model with q = 1.5. Furthermore, the steep-skewed model is the best one for the 
reduction of the torque ripple and the model with q = 2.5 reduces also the torque ripple from 
the original model with q = 2. It can be seen that each model has a different induced 
fundamental phase voltage Up1, which is proportional to the winding factor kw. In addition, 
the ohmic losses Pd,Cu,ac vary since they are proportional to the square of the current phase Is, 
the phase resistance Rs and the current displacement effect. The losses calculations consider 
(a) (b) (c) 
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the ohmic losses with the current displacement effect, the iron losses with a punching factor 
and the friction losses. The sum of all losses for each model does not show a big difference 
between models and hence the efficiencies are quite similar for the four models.   
 
Table 19: Calculated parameters for the 4 IPMSM models at rated operational point of M = 55 Nm and n = 4167 
min-1. 
 Original 
Step-
skewed 
1
st
 
Variation 
2
nd
 
Variation 
Number of slots per pole and phase, q 2 2 1.5 2.5 
Rated speed, n / min
-1
 4167 4167 4167 4167 
Induced fundamental phase voltage, Up1 / V 71.4 70.6 73 75.4 
Winding factor, kw 0.934 0.934 0.9452 0.9514 
Rated torque, M / Nm 55.04 55.01 55.14 55.13 
Torque ripple, Mrip / % 10.6 1.86 2.45 3.1 
Fundamental phase current, Is1 / A 90.72 92.63 89.5 85.21 
Current phase, β / ° -35.4 -34.4 -33.4 -37.6 
Stator winding self-inductance of d-axis per 
phase, Ld / μH 
264 283 275 320 
Stator winding self-inductance of q-axis per 
phase, Lq / μH 
809 802 824 972 
Phase resistance, Rs / mΩ 30.21 30.21 30.4 32.1 
Ohmic losses, Pd,Cu,ac / W 751 783 736 705 
Iron losses, Pd,Fe / W 348 351 324 344.4 
Friction losses, Pd,fr / W 2.1 2.1 2.1 2.1 
Total losses, Pd / W 1101 1136 1062 1052 
Efficiency, η / % 95.6 95.4 95.7 95.8 
 
 
6.2. Magnetic flux distribution comparison between the 3 models 
 
At no-load condition, the Fourier analysis of the magnetic flux distribution is carried out, for 
the original model with q = 2 and the models with q = 1.5 and q = 2.5. The Figure 64 shows 
a zoom of the Fourier analysis to emphasize the harmonic content that each model has. The 
integer slot model with q = 2 does not show any even harmonic. On the other hand, the 
fractional slot models with q = 1.5 and q = 2.5 shows odd and even harmonic orders. The 
rotor harmonic components, deduced from the Fourier analysis of the magnetic flux density, 
have to be equal to the harmonic components of the equivalent current loading to generate 
cogging torque, as it has been explained in section 2.8.5.  
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Figure 64: Fourier analysis of the magnetic flux distribution, at no-load, for the models with q = 2, q = 1.5 and q = 
2.5. 
 
The harmonics of the rotor 𝜇 which contribute to generate cogging torque have been 
calculated in Table 20. Thus, it can be seen that the amplitude of the harmonics of the rotor 
𝐵𝜇 affects directly to the amplitude of the cogging torque 𝑀cog, since 𝐵𝜇~1/𝜇 and 𝜆𝑙~1/𝑙 and 
hence 𝑀cog~𝐵1 · 𝐵𝜇 · 𝜆𝑙. The harmonics of the rotor 𝜇 have been calculated for the lowest 
integer parameter l, which gives the harmonics with the highest amplitudes. The Table 20 
shows, for each model, the parameters that have been used to calculate the harmonics of the 
rotor 𝜇. 
 
Table 20: Calculated rotor harmonics 𝜇 that contribute to the generation of the cogging torque for each model. 
 number of      
stator slots 
number of       
pole pairs 
parameter 
dominant rotor 
harmonics 𝜇 
Q p l 𝜇 = |1 ± 𝑙 · 𝑄/𝑝| 
Original, q = 2 36 3 1 11, 13 
1
st
 Variation, q = 1.5 27 3 2 17, 19 
2
nd
 Variation, q = 2.5 45 3 2 29, 31 
 
 
It can be seen in Table 20, that the model with integer slot winding shows the smallest l and 
the smallest 𝜇 harmonic orders. For that reason, the cogging torque amplitude will be the 
highest. For the cases of the fractional slot windings, it can be seen that when the number of 
slots per pole and phase is increased, the harmonic components from the rotor as well as the 
lower integer parameter l are also increased, which imply more reduction of the cogging 
torque amplitude. 
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6.3. Cogging torque comparison between the 4 models 
 
Figure 65 shows the waves of the cogging torque for each model. The cogging torque 
percentage can be calculated as well as the periodicity of the cogging torque. For example, the 
original model with q = 2 shows 12 cogging torque periods for each electrical period and the 
model with q = 1.5 shows 18 cogging torque periods.  
 
 
Figure 65: Cogging torque waves for each IPMSM model. 
 
Table 21 shows the number of periods that each model has per electrical period, which have 
been calculated with equation 2.6-3. However, the periodicity of the step-skewed model has 
to be mathematically calculated due to the steps, and it has 60 periods. Table 21 also shows 
the percentage of the cogging torque respect of the rated torque of 55 Nm, for each model. 
The original model with q = 2 shows the fewest cogging torque periods per electrical period, 
although the amplitude is the highest with a 3.64 %. The model with q = 1.5 shows a great 
reduction in comparison with the original model with a cogging torque percentage of 0.85 %, 
although the highest reductions are with the step-skewed model and the model with   q = 2.5, 
which show cogging torque percentages of almost 0 %. 
 
Table 21: For each model, the calculated periodicity and percentages values of the cogging torque. 
 Original 
Step-
skewed 
1
st
 
Variation 
2
nd
 
Variation 
Number of slots per pole and phase, q 2 2 1.5 2.5 
Number of stator slots, Q 36 36 27 45 
Cogging torque periods per slot pitch Nperiod 1 - 2 2 
Number of stator slots per electrical period 12 12 9 15 
Total cogging torque periods per electrical period 12 60 18 30 
Cogging Torque, Mcog / % 3.64 0.013 0.85 0.085 
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Figure 66 shows the periodicity of the cogging torque for 1 slot pitch, for each model: 
 
 
Figure 66: For each model, the periodicity of the cogging torque for 1 slot pitch.  
 
As it has been explained in the theory in section 2.8.5, the main reason for using fractional 
slot windings is the fact that the rotor harmonic orders, which produce cogging torque, are 
higher in these fractional configurations than in the ones that use integer slot windings. In 
this situation, with higher rotor harmonic orders the amplitudes of the magnetic flux for each 
harmonic order will be smaller due to 𝐵𝜇~1/𝜇. Thus, a reduction of the cogging torque is 
expected since 𝑀cog~𝐵1 · 𝐵𝜇 · 𝜆𝑙. Figure 67 shows a zoom of the Fourier analysis of the cogging 
torque for each model.  
 
 
Figure 67: Fourier analysis of the cogging torque for each IPMSM model. 
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Table 22 shows, for each model, the highest harmonic amplitude and its order of the cogging 
torque. The most relevant harmonic for the model q = 2 is the order 12th and for the model 
with q = 1.5 is the 18th, which both coincide with the total cogging torque periods per 
electrical degree showed in Figure 65 and calculated in Table 21. Also it is seen the reduction 
of the cogging torque by using fractional slot windings. As Table 20 showed, using fractional 
slot windings makes that the rotor harmonic orders 𝜇 that produces cogging torque are higher 
than rotor harmonic orders that produce cogging torque in integer slot winding. Thus, a 
higher reduction of the cogging torque is achieved in fractional slot windings. In addition, 
when the number of stator slots per pole and phase is increased in the fractional slot 
windings, which is the case of the model with q = 2.5, the most relevant rotor harmonic 
orders that produces cogging torque are even higher, which contribute to a higher reduction 
of the cogging torque. It is noticed, for all models, that their most relevant harmonic 
component of the cogging torque coincides with the periodicity of the cogging torque per 
electrical period. 
 
Table 22: For each model, the highest harmonic amplitude and its order of the cogging torque. 
Model harmonic order ?̂?cog / Nm 
Original q = 2 12 1.782 
Step-skewed q = 2 60 0.007 
1
st
 Variation q = 1.5 18 0.42 
2
nd
 Variation q = 2.5 30 0.0446 
 
 
6.4. Radial pressure comparison between 3 models 
 
As it has been shown in theory 0, the stator structure suffers deformations caused by the 
radial forces from the magnetic flux distribution. The radial electromagnetic forces are 
calculated by using the Maxwell stress tensor. The radial forces are converted to radial 
pressure to have the force per unit area at any point of the air-gap. A Fourier analysis of the 
radial pressure is done to see the harmonic orders and their amplitudes. The highest 
amplitude of the Fourier analysis contribute to a highest displacement of the stator structure 
and hence more vibrations. Since the vibrations of the motor and hence the level of 
electromagnetic noise are proportional to the radial pressure, the radial pressure distribution 
is calculated from the magnetic flux density distribution. Figure 68 and Figure 69 show the 
calculated radial pressure distribution at no-load and load condition for each model.  
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Figure 68: Radial pressure distribution calculated from the magnetic flux distribution, at no-load condition for each 
model. 
 
 
Figure 69: Radial pressure distribution calculated from the magnetic flux distribution, at load condition for each 
model. 
 
A Fourier analysis of the radial pressure distribution has been carried out to see which 
harmonic components appear as well as their amplitudes. The Figure 70 and Figure 71 show 
the Fourier analysis results at no-load and load condition for each motor. The orders of the 
harmonics which give highest amplitudes of radial pressure are the 6th, 27th, 36th and 45th, 
which coincide with the number of poles and the number of stator slots. At no-load condition, 
the model which has highest internal radial pressure is the model with q = 1.5 and at load 
condition the highest amplitude of radial pressure can be found in the model with q = 2.5. It 
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can be said, from both graphs, that apparently the configurations with fractional slot windings 
produces more internal radial pressure which affects the stator core structure.   
  
 
 
Figure 70: Fourier analysis of the radial pressure at no-load condition for the Original, 1st Variation and 2nd 
Variation. 
 
 
 
Figure 71: Fourier analysis of the radial pressure at load condition for the Original, 1st Variation and 2nd Variation. 
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6.5. Results comparison between 3 models 
 
This chapter concludes with a comparison with the final values of all four models. Table 23 
shows the percentages values of the cogging torque respect the rated torque and the torque 
ripple respect the average torque at rated load with M = 55 Nm and n = 4167 min-1. This 
table also compares between each model the cogging torque, the torque ripple, the efficiency 
and the manufacturing associated costs by using a goodness scale of (--, -, 0, +, ++), where 
(--) is the worst case and (++) is the best case.   
 
Table 23: Final comparison between the 4 IPMSM models in terms of cogging torque, torque ripple, efficiency and 
the manufacturing associated costs. 
 
Original Step-skewed 1
st
 Variation 2
nd
 Variation 
q = 2 q = 2 q = 1.5 q = 2.5 
Cogging torque 
?̂?cog / MN 
3.64 % 0.013 % 1.86 % 0.085 % 
- ++ + ++ 
Torque ripple 
?̂?rip / Mav  
10.6 % 1.86 % 2.45 % 3.1 % 
-- ++ + 0 
Efficiency 
𝜂 
95.6 % 95.4 % 95.7 % 95.8 % 
+ + ++ ++ 
Manufacturing 
associated costs 
+ - ++ 0 
 
 
Table 23 shows the challenge of reducing the cogging torque and the torque ripple from the 
original model with q = 2 to the model with q = 1.5, which reductions are 76 % and 77 % 
respectively. Also an important reduction of the cogging torque is achieved by using the 
second model of fractional slot winding with q = 2.5, where the number of stator slots is 
higher than the model with q = 1.5. However, the torque ripple increases from the model 
with q = 1.5 to the model with q = 2.5. This shows that a reduction of the cogging torque 
does not imply a directly reduction of the torque ripple. The step-skewed rotor model shows 
the highest reduction of both cogging torque and torque ripple, for that their goodness scales 
are (++). The efficiency percentages do not change a lot between models, although the best 
efficiencies are achieved with the fractional slot winding models with q = 1.5 and                   
q = 2.5. The step-skewed model is expensive due to the cost of manufacturing time, for that it 
has a (--) in this comparison. For the other models, the costs associated with the 
manufacturing rise as the number of stator slots of the machine increase. For that, the 
cheapest machines would be the model with q = 1.5. 
At the end a compromise between the desired reduction of the cogging torque and torque 
ripple, the efficiency and the manufacturing associated costs has to be chosen. For the reasons 
explained above, the designed model with q = 1.5 has been selected as the model with has 
the best compromise with between the compared parameters in Table 23.  
 
 
 
 
 
  
  
  77 
7. Conclusions 
 
In order to design an interior permanent synchronous machine (IPMSM), the advantages and 
disadvantages of the machines have been studied and they have been taken into account for 
the designed model. These kinds of machines are preferable for a lot of applications, with a 
better performance. Therefore, the responses have to be accurate with low cogging torque and 
torque ripple. Thus, the cogging torque origins have been studied and the methods which help 
to reduce this phenomenon from the geometrical parameters of the motor have been analysed 
and implemented. The main method is the implementation of a fractional number of stator 
slots per pole and phase. Furthermore, other methods like the variation of the slot opening 
effect, the variation of the dimensions of the stator slots and the variation of the pole-arc to 
pole-pitch ratio have been studied and implemented too. Therefore, high reductions in 
cogging torque and torque ripple are achieved. The mechanical stress acting on the iron 
bridges in the rotor due to centrifugal forces, for magnets mounted inside the rotor, have been 
studied as well as the irreversible demagnetization of the magnets in a critical case of a three 
phase sudden short-circuit. For the design of the motor, it can be seen that in some cases the 
calculations differ from the integer slot winding such as the calculations of the stator windings 
with a distributed configuration with the consideration of the winding factor. When the 
design is made, a finite element analysis with the computational program JMAG® has been 
carried out to check the performance of the designed machine as well as the torque response 
and hence the cogging torque and the torque ripple. From the FE analysis, the magnetic flux 
distribution in the air-gap has been meticulously studied since it is used for the prediction of 
the electromagnetic forces. The radial and the tangential components of the electromagnetic 
forces, which are calculated by the Maxwell stress tensor, are used to calculate the internal 
radial pressure that the stator structure suffers. 
 
The preferable utility of the IPMSM has been demonstrated since they show high efficiencies. 
Also they can generate additional reluctance torque due to the saliency ratio and by using the 
MTPA technic the current angle which gives the maximum torque can be achieved. In 
addition, the proposed model of IPMSM has the possibility of working in the OP3, which is 
M = 46 Nm and nmax = 10000 min
-1, with a strong field weakening control. It has been 
analytically proved, that using a fractional number of stator slots per pole and phase reduces 
the cogging torque since the rotor harmonic orders that contribute to its generation are high 
and hence their amplitudes are low. Thus, the reduction of the cogging torque from an integer 
slot winding motor to a fractional slot winding motor has been achieved with two models of 
fractional number of stator slots per pole and phase q = 1.5 and q = 2.5. The reductions of 
the cogging torque from the integer slot winding model with q = 2 to the two fractional slot 
winding models with q = 1.5 and q = 2.5 have been 76 % and 99 % respectively. The 
reductions of the torque ripple have been 77 % and 70 % respectively. These reductions have 
been achieved by using the main method of fractional number of slots per pole and phase and 
also by using two additional methods such as the optimization of the dimensions of the stator 
slots and the optimization of the pole-arc to pole-pitch ratio. The results also show that a 
reduction of the cogging torque does not mean a directly reduction of the torque ripple, as it 
could be seen in the variation of the stator slots method and the results of the model with 
q = 2.5. The highest reductions of cogging torque and torque ripple are achieved with the 
step-skewed model. However, the time and cost of manufacturing of this method is expensive, 
which makes the method of using a fractional number of stator slots per pole and phase a 
good candidate to reduce the cogging torque and torque ripple since it does not increase the 
manufacturing time. The radial pressure has been calculated, by using the Maxwell stress 
tensor, from the magnetic flux distribution in the air-gap. Thus, a comparison of the radial 
pressures between models can be achieved to predict which model can produce more 
vibrations and hence more electromagnetic noise.  
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The designed and proposed model with q = 1.5 to reduce the cogging torque and torque 
ripple is a good candidate from the 4 compared IPMSM since it shows a good compromise 
between both reductions of cogging torque and torque ripple as well as the efficiency and the 
manufacturing associated costs.  
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8. Annexes 
 
8.1. Iron sheets material M270-35A from Sura®  
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8.2. Design parameters for the original model with q = 2 and Q = 36. 
 
 
IPMSM – q = 2 
Q 36 - number of stator slots 
q 2 - number of slots per pole and phase 
m 3 - number of stator phases 
p 3 - number of pole pairs 
𝛿 0.6 mm air-gap length 
dsi 92.8 mm stator inner diameter 
lFe 140 mm iron stack length 
𝜏p 48.6 mm pole pitch 
𝑊 40.5 mm coil span 
𝑘p,1 0.966 - pitch factor 
𝑘d,1 0.966 - distribution factor 
𝑘w,1 0.934 - winding factor 
𝑁s 24 - number of turns per phase 
𝑁c 12 - number of turns per coil 
a 6 - number of parallel branches 
ai 3 - number of parallel wires per turn 
𝐴s 46645 A/m current loading 
𝐼s 94.44 A phase current 
𝐽 10.72 A/mm2 current density 
𝐼c 15.73 A current coil 
𝐴Cu 1.56 mm
2
 copper area of a coil 
𝑑Cu 0.813 mm copper diameter of a wire 
𝐴Qs 90 mm
2
 area of a stator slot 
kf 0.416 - fill factor 
𝑏st 4.6 mm breadth of a stator tooth 
ℎsl 17.7 mm height of a slot 
ℎys 10 mm height of the stator yoke 
𝑅s 30.21 mΩ stator phase resistance at 100 °C 
𝑙b 115.63 mm winding overhang 
𝐿σb 14.2
 
μH inductance of the winding overhangs 
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8.3. Design parameters for the 2nd Variation model with q = 2.5 and Q = 45. 
 
 
IPMSM – q = 2.5 
Q 45 - number of stator slots 
q 2.5 - number of slots per pole and phase 
m 3 - number of stator phases 
p 3 - number of pole pairs 
𝛿 0.6 mm air-gap length  
dsi 92.8 mm stator inner diameter 
lFe 140 mm iron stack length 
𝜏p 48.6 mm pole pitch 
𝑊 45.36 mm coil span 
𝑘p,1 0.9945 - pitch factor 
𝑘d,1 0.9567 - distribution factor 
𝑘w,1 0.9514 - winding factor 
𝑁s 25 - number of turns per phase 
𝑁c 5 - number of turns per coil 
a 3 - number of parallel branches 
ai 6 - number of parallel wires per turn 
𝐴s 46086 A/m current loading 
𝐼s 89.58 A phase current 
𝐽 10.85 A/mm2 current density 
𝐼c 29.86 A current coil 
𝐴Cu 3.115 mm
2
 copper area of a coil 
𝑑Cu 0.813 mm copper diameter of a wire 
𝐴Qs 68.8 mm
2
 area of a stator slot 
kf 0.453 - fill factor 
𝑏st 3.7 mm breadth of a stator tooth 
ℎsl 17 mm height of a slot 
ℎys 10 mm height of the stator yoke 
𝑅s 32.1 mΩ stator phase resistance at 100 °C 
𝑙b 119.83 mm winding overhang 
𝐿σb 16.3 μH inductance of the winding overhangs 
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